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@ Riemannian geometry and hyperbolic space

© The isometries of H" and Liouville theorem
© Nonnegatively curved hypersurfaces in hyperbolic space
@ Taliaferro’s PDE theory

© AdS-CFT correspondence

@ The proof of Alexander and Currier's conjecture
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Riemannian geometry and hyperbolic space

A brief resivion of Riemannian Geometry

Riemannian manifold and Riemannian metric

Suppose M™ is an n-dimensional differentiable manifold (that is a
Ao, Ty space, locally homeomorphic to an open set of R”, with a
C differentiable structure). We use g to denote its Riemannian
metric, that is, to give any point T, M (tangent space at p) a
positive definite inner product, which is smooth when you write it
in local coordinate.
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Riemannian geometry and hyperbolic space

A brief resivion of Riemannian Geometry

Riemannian manifold and Riemannian metric

Suppose M™ is an n-dimensional differentiable manifold (that is a
Ao, Ty space, locally homeomorphic to an open set of R”, with a
C differentiable structure). We use g to denote its Riemannian
metric, that is, to give any point T, M (tangent space at p) a
positive definite inner product, which is smooth when you write it
in local coordinate.

In local coordinate {z;}}" ;, we write
0

gij(x) = 9(8@’ %)|x:($17_,,7$n). We say g is smooth (or C*) if
gij(x) is a smooth function of z. This property is independent of
the local coordinate chosen. If X = XZ 8 Y Yz— are two

vector fields, then g(X,Y) = X'Y7g;;.




Riemannian geometry and hyperbolic space

Levi-Civita connection

We use V to denote the unique affine connection which is
compatiable with the metric g and torsion free. We use
IO, = V,0; to define the Christoffel symbol. V induces
covariant derivative 2 along a curve a(t), such that
BX(a(t) = VyX, if Y = a(t) along a(t).

The following formula is an exercise:

1
Il = 5™ Gigjm + Ojgim — Omgiy)-

We denote
C*(M) =
x(M)
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(x); f(x) is smooth upto infinitely many order.}

{f
{

X : X is a smooth vector field upto infinitely many order.



Riemannian geometry and hyperbolic space

Curvature

The curvature tensor is defined by
R(X7Y)Z =VxVyZ -VyVxZ - V[X,Y]Za X, Y, Z € X(M)

in which [X,Y] is the Lie brackets of X,Y. We denote
R(X,Y,Z,W)=g(R(X, Y)W, Z).
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Riemannian geometry and hyperbolic space

Curvature

The curvature tensor is defined by
R(va)Z =VxVyZ -VyVxZ - V[X,Y]Za X, Y, Z € X(M)

in which [X,Y] is the Lie brackets of X,Y. We denote
R(X,Y,Z,W)=g(R(X, Y)W, Z).

In local coordinate {z;}, we write Rﬁjlﬁl = R(9;,0;)0) and
Rijki = R(8;,0;, 0k, 0;). We have

Rijp = gls(rﬂ jm - F%Ffm + aijk - aﬁrjk)

Shiguang Ma Hypersurfaces in hyperbolic space



Riemannian geometry and hyperbolic space

Sectional curvature

Suppose o C T),M is a two dimensional subspace of T),M, we let
o = span{X,Y}. The sectional curvature of o is

K(o) = %, where | X A Y| is the signed area of the

parallelogram spanned by X, Y.
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Riemannian geometry and hyperbolic space

Sectional curvature

Suppose o C T),M is a two dimensional subspace of T),M, we let
o = span{X,Y}. The sectional curvature of o is

K(o) = %, where | X A Y| is the signed area of the

parallelogram spanned by X, Y.

| \

Ricci tensor

Ricci tensor Ric(X,Y) is defined by > | R(X,e;,Y, ¢;), {e;} is

orthonormal basis. Ric(%| é—‘) is called the Ricci curvature in X
direction.
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Riemannian geometry and hyperbolic space

Sectional curvature

Suppose o C T),M is a two dimensional subspace of T),M, we let
o = span{X,Y}. The sectional curvature of o is

K(o) = %, where | X A Y| is the signed area of the

parallelogram spanned by X, Y.

Ricci tensor

Ricci tensor Ric(X,Y) is defined by > | R(X,e;,Y, ¢;), {e;} is
orthonormal basis. Ric(i| %) is called the Ricci curvature in X

- - X
direction.

Scalar curvature

Scalar curvature R is defined by R = Ric(e;, €;).
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Riemannian geometry and hyperbolic space

Submanifold and hypersurface

We suppose the notion of immersed and embedded submanifold is
clear. A hypersurface is a codimension one submanifold.
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Riemannian geometry and hyperbolic space

Submanifold and hypersurface

We suppose the notion of immersed and embedded submanifold is
clear. A hypersurface is a codimension one submanifold.

Second fundamental form

Let NV is an immersed submanifold of M, with induced metric h,
we use V to denote the Levi-Civita connection of N. Then

Vpe N, T,M =T,N @ TPLN. The second fundamental form
A:T,N x T,N — T;-N is defined by A(X,Y) = VxY - VxY.
If N is codimension 1 and locally we choose a unit normal vector
field 7, then A= An and A is a real valued symmetric two tensor.
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Riemannian geometry and hyperbolic space

Space form

Among Riemannian manifolds, the constant sectional curvature
ones are important, which are called space forms. Simply
connected space forms can be rescaled to the following 3 kinds, 1.
K =1, sphere S™; 2. K =0, Euclidean space R"; 3. K = —1,
Hyperbolic space H".
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Riemannian geometry and hyperbolic space

Space form

Among Riemannian manifolds, the constant sectional curvature
ones are important, which are called space forms. Simply
connected space forms can be rescaled to the following 3 kinds, 1.
K =1, sphere S™; 2. K =0, Euclidean space R"; 3. K = —1,
Hyperbolic space H".

We will study the hyperbolic space H",n > 2. It is often given by
the following half space model.

Half space model of H"

Let RY = {(z1,  * ,Zn—1,Zn);Zn > 0,z €R,i=1,--- ;n—1}
be the half Euclidean space. We define the metric
gun = gz (dzi + -+ + daf).
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Riemannian geometry and hyperbolic space

The calculation of the curvature of H".

We calculate the curvature of g;; = i:—g where F' > 0 is a smooth

function. We write g%/ = F§;; as the inverse matrix of g;;. Let
f =log F'. We denote f; = ,af We have

99k 2 5ik
Ik i By = —25%
axj W 2 i

0 0
Z g { g]m al’j 9Imi e gzg}
_ 7F2(agjk: L 99 _ 993
8:61‘ 8x]~ 8xk
So Ffj = 0, if all three indices are distinct, and if i # j,
=115 = fJ"ng = _fiaréi =—fi-

) = —0jfi — Onifj + 0ij f-



Riemannian geometry and hyperbolic space

So we have
0 d _;
Rijij V2 (Fﬁzl“;l I‘l Fjl + 8711 - al‘gz)
(3
Since 8‘2 L= fjj and 5 I’j = —fi, we have
FPRiij=— Y [P+ =17 =24+ fij+ fa
1#£i,l#£]

==Y R+ + Lt by
l

And R;ji; = 0 if all four indices are distinct and if 4, j, k are
distinct, we have

Rijki = —F2(fifj + frj)s Rijki = F2(fifx + fri), Rijer = 0.
(1)



Riemannian geometry and hyperbolic space

Rijij

9iig5j

= (=D SRR+t fi) P2
]

K(@Z VAN 8J) = = RijijF4

When F? = 22, and f = log @, if i,j # n, then
1

2 .
Kij = ——5T, = —1,

2
Tn

If i =n,j # n, then
Knj = (~f2+ f2 4 fan)F? = = = -1,
n
From (1), we know R;ji; = Rijrj = Rijiy = 0 and
Rijri = — (0051 — 0501



Riemannian geometry and hyperbolic space

Connections of conformal metrics

Suppose (M, g, V) is a Riemannian manifold with Levi Civita
connection V. If g = pg is a conformal metric and V is the Levi
Civita connection for g, then

VxY =VxY + S(X,Y),

where S(X,Y) = ﬁ{(X,u)Y + (Yu)X —g(X,Y)Vu}, where Vu

is the gradient of .

It is easy to check V is an affine connection and is torsion free.
X(g(Y,2))

=X(pg(Y, 2)) = X(n)g(Y, Z) + ng(VxY, Z) + ng (Y, Vx Z)

=X(W9(Y,2) + ng(VxY — S(X,Y), Z) + pg(Y,VxZ - S(X, Z))

=9(VxY,Z) + ( Y, VxZ).
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Riemannian geometry and hyperbolic space

Umbilic hypersurfaces of the hyperbolic space

Let (M™*! g, V) be a manifold and f : N* — M""! be an
immersion. We say it is (totally) umbilic if for all p € N, the
second fundamental form A at p € N satisfies

A(X,Y) = Ap)g(X,Y) with respect chosen unit normal vector 7
at p.

If g = pg, then we show an umbilic immersion in (M"+1, g)
continues to be umbilic in the metric g. This is because if
<Vxn,Y >=-A<X,Y >, then

<VX(\;7E),Y>Q M<VX(\/E)Y>9+M<5( \Zj),Y>g
_Zwdnl) vyl
24 /1 e
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Riemannian geometry and hyperbolic space

This is because

< VX(L),Y >0 =< VxnY >,

N
= - AMNp<X,Y >4
A
=——<X,Y >g
NG !
and
n 1 n . nlu) U
<SX,—),Y >, =-(< X(p)—+ —=X —g(X,—),Y >
p (\/ﬁ) 9= 5 (M)\//7 Vi 9( \/ﬁ) 9)
1 1
:7M<X,Y>g:fn(/;)<X,Y>g.
N 2 3
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Riemannian geometry and hyperbolic space

Classifications of umbilic hypersurfaces of hyperbolic space

So a hypersuface in H" is totally umbilic if and only if it is totally
umbilic in R"™, those are planes or spheres, which can be classified

as follows.
@ Geodesic spheres;

@ Horospheres: A horosphere is an isometric embedding of flat
R™~! in H", which is complete noncompact, the proof is left

to the next section;

@ Hyperspheres.
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Riemannian geometry and hyperbolic space

@

Xp=o0

gendesic Sphares | seL =05t 20
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Riemannian geometry and hyperbolic space

X, =(on $&

= %20

f\m'oSle”’ < ®C=0
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Riemannian geometry and hyperbolic space

qe0 destc ngwL omver 24 D a fwépk@xe,‘
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Riemannian geometry and hyperbolic space
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The isometries of H™ and Liouville theorem

Conformal map

Suppose f : (M,g) — (N, h) is an immersion such that

h(df (X),df(Y)) = pg(X,Y), then we call f a conformal map and
w is called the conformal factor. An injective conformal map from
a domain of M to M is called a conformal transformation.

The isometries of H™ are closely related to the conformal
transformations of R"™.

If n = 2, a conformal transformation defined on D C R? is given
by a holomorphic or anti-holomorphic functions with non-zero
derivative. The Riemann mapping theorem guarantees that given
two simply connected proper open sets in R?, there is a conformal
map taking one into the other.
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The isometries of H™ and Liouville theorem

For R™, n > 2, there are "much less” conformal transformations
defined on a domain of R™. Actually if f: D — R" is a conformal
map defined on D C R", f have to be the restriction to D of three
global defined conformal transformations.
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The isometries of H™ and Liouville theorem

For R™, n > 2, there are "much less” conformal transformations
defined on a domain of R™. Actually if f: D — R" is a conformal
map defined on D C R", f have to be the restriction to D of three
global defined conformal transformations.

Q Isometry of R (y = Az + b, A € O(n)) is a conformal
transformation of R™ with conformal factor u = 1,

@ f(p) = AId(p), where Id is the identity and A\ > 0, is call a

dilatation;
Q f(p= |;:}§)OO|2 + po,p € R™\{po} is the inversion with respect

to the unit sphere centered at pg € R™. The image of a
sphere is either a sphere or a hyperplane. The image of a
circle is either a circle or a line.
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The isometries of H™ and Liouville theorem

/&8

Tpversion
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The isometries of H™ and Liouville theorem

To see f is conformal, observe that, if v is a vector at p,

vlp—pol* =2 <v,p—po> (p—po)
dhplv) = Ip — pol?

)
where we use <, > to denote the Euclidean metric and

df ()2 = <00 (4 <v,p—po>2—4<v,p—po>2)|p—po|?
p

~p—pol* lp — pol®
_<vu>
lp — pol*
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The isometries of H™ and Liouville theorem

Theorem (Liouville)

Let f: U — R™,n > 3, be a conformal map defined on a domian
U C R™. Then f is the restriction to U of a composition of
isometries, dilatations and inversions, at most one of each.
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The isometries of H™ and Liouville theorem

Theorem (Liouville)

Let f: U — R™,n > 3, be a conformal map defined on a domian
U C R™. Then f is the restriction to U of a composition of
isometries, dilatations and inversions, at most one of each.

Proof. Let (x1,---,x,) be the cartesian coordinate of R" and
a; = ax Let {e;} be parallel differentiable vector fields on U and
< e;,e; >=0;5. We assume

< df(e;),df(ex) >= N6, i,k =1,--- n. (2)

Let d%f be the second differential of f, such that
d? f(a;,a;) = ax a -. Taking the indices 1, j, k distinct and from
(2) we have

< dzf(ei,ej),df(ek) >4 < df(ei),de(ek,ej) >=0,



The isometries of H™ and Liouville theorem

Then by permutation, we have

< d*f(ej, ex), df (e:) > + < df (e;),d* f(es, ex) > =0,

< d*f(ex,e:),df (ej) > + < df (ex), d*f(ej,e;) > = 0.
Summing the first two and subtracting the third, we have

< d*f(ex,ej),df (e;) >= 0,4, j, k distinct.
Fixing k, 7 and let ¢ vary in the remaining (n — 2) indices, we know
&> f(ex, €5) = pdf (ex) + vdf (¢;).
Since < df (e), df (ex) >=< df (e;), df (ej) >= A%,
[ < d*fex,e;),df (ex) >  €;(A%)  dA(ej) L d)\(ek).

A2 P U D
Then d?f(ex, e;5) = 3 (df (ex)dA(e;) + df (e5)dA(e)).




The isometries of H™ and Liouville theorem

Let p = %
d(pf) = fdp + pdf;
d*(pf)(er, e5) = d*plex, e;) f + pd® f(ex, e;) + dp(ex)df (e;)

+dplei)df(er) = Pplen,ei)] + P flen,e)

— S AN (es) + AN df ()} = Pole e5)),
We claim that d?p(e, ej) = 0 for k # j. We calculate d3(pf).
d*(pf)(ex, ej,e1) = dplen, ej, e0) f + dplex, e5)df (e:).
So we know d?p(eg, e;)df (e;) are symmetric in 4, j, k. So we know
d*pler, ej)df (e:) = & plex, e;)df (e)-

Since df (e;) and df (e;) are linearly independent and i, j, k can be
chosen distinct and arbitrarily, then d?p(ey, e;) = 0 for all j # k.
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The isometries of H™ and Liouville theorem

Actually d?p(eg, e;) = 0,k # j hold for any orthomormal basis .
So we know

ej+er e —eg

V2 V2
which implies d?p(ej, e;) = d*p(ex, ex) for all j # k. So

0= d?p(

) = S plesres) — dplen.cn)).

d*plej, ex) = by

So we have
do(e;) = ejegpepp = epejepp = 0,

S0 0 = const.
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The isometries of H™ and Liouville theorem

If 0 = const # 0 then
P= % Z T to Z b;x; + ¢, b;, c constants.

To prove this we let p; = %fo then
M:O,W,jzl,---n. So

Ox;0x;
Ap —p1)
—— = = ob;.
8:3@- “
Now
Ap—p1—0o>;bjzj)
= 0.
8.%

So

g 2
p:§g xi—i—ag biz; + c.
i



The isometries of H™ and Liouville theorem

1 o
NTPT atlp — pol® + k1, a1 = §,k1 = const,pp € R".

Then proof will be complete, for the case o # 0, if we show k1 = 0.
This is because, considering the inversion g : U — R™ :

P —Po
g(p) = + Do,
lp — pol?
and let h = go f~!, we know h is a conformal transformation
whose conformal factor is a;|p — p0|2m = aj. Then the

conformal factor of al_lh is 1. So we can choose a global isometry
hi : R®™ — R" such that

h1(p) = ay 'h(p), dhy (p) = d(a; "h)(p).
Then al_lh = h1 due to the following lemma.
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The isometries of H™ and Liouville theorem

Let f; : M — N,i = 1,2 be two local isometries of the connected
Riemannian manifold M to the Riemannian manifold N. Suppose
that there exists p € M such that fi(p) = fa(p) and

dfi(p) = dfa(p). Then f1 = fa.

Now we will prove k1 = 0. Observe that applying to f~! the above
argument, we obtain A\ = az|f(p) — qo|* + k2 or
A= As(f(p)) + k2. We only prove the first case

(a1lp = pol* + k1) (az| f(p) — qof* + k2) = 1. 3)
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The isometries of H™ and Liouville theorem

So a sphere of center pg is mapped by f into a sphere of center ¢q.
Since f preserves the angles, the radii of the first sphere are
mapped into radii of the second. Let p(s),0 < s < sy be a
segment of a radius of the first sphere contained in U, where s is
the arc length, and let f o p(s) be its image.

frr)
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The isometries of H™ and Liouville theorem

Then length of the image segment is given by

50 ds
[ EDls = [ e = 1l ~ (O

If k1 # 0, |f(p(s0)) — f(p(0))| is a transcendental function of
Ip(s0) — p| which is a contradiction with (3). So k; = 0.
It remains to consider the case 0 = (0. Then

= Zaixi +c1 = Al(a:) + 1.
Similarly applying the initial argument to f~!, we have
(A1(z) + 1) (az| f () = gol* + k2) = 1

or (A1(z) +c1)(A2(f(2)) + c2) =



The isometries of H™ and Liouville theorem

Since

o(so)) = £ = [ G

is always a transcedental function, no matter ¢; = 0 or not, we
know A;(z) = 0.

So if 0 =0, A\ = const. In this case, the lengths of tangent vectors
are multiplied by a constant A and it's easy to verify f is an
isometry followed by a dilatation. Then we proved the Liouville's
theorem.
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The isometries of H™ and Liouville theorem

In the end of this section, we study the isometry group of H".

For n > 2, the isometries of H"™ are the restrictions to H™” C R" of
the conformal transformations of R™ that take H" onto itself.
(onto means surjective.)
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The isometries of H™ and Liouville theorem

In the end of this section, we study the isometry group of H".

For n > 2, the isometries of H"™ are the restrictions to H™” C R" of
the conformal transformations of R™ that take H" onto itself.
(onto means surjective.)

Proof. First we assume n > 3. Let f: H"” — H" be an isometry in
gij- Then by Liouville's theorem, f extends to a conformal map of
R™ with metric ¢;;. It is obvious that f is surjective.
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The isometries of H™ and Liouville theorem

Conversely, let f: H" C R™ — H" be a conformal transformation
of H" onto H™ and let ey, - , e, be an orhtonormal basis, in the
metric g;;, at a point p € H". Since g;; = z,20;j and f is
conformal, there is A2 > 0 such that g(df,(e:), dfp(e;)) = A26;;.
Therefore { f” } is orthonormal at f(p), and by the following
theorem WhICh is a consequence Cartan’s theorem, there is an
isometry g of H" taking p to f(p), with dg(e;) = dfei)

Theorem

|

Let M be a space of constant curvature let p,q € M. Let {e;} and
{f;} be arbitrary orthonormal basis of T},(M) and T,(M),
respectively. There there are neighborhoods U of p and V of ¢,
and an isometry g : U — V such that dgy(e;) = f;. In particular,
if both exp, and exp, are defined in whole T, M and T, M and
both are diffeomorphism, then ¢ is a global isometry.
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The isometries of H™ and Liouville theorem

So h =g ' o fis the restriction to H" of a conformal mapping of
R™ which takes H" onto H", leaving p fixed and satisfying

dh, = XI. We will end the proof by showing h = 1.

To see this, let P be a hyperplane passing through p. From
Liouville's theorem, h(P) is a hypersplane or a sphere passing
through p. Because dh), is a multiple of the identity, P and h(P)
are tangent at P. Because h takes the boundary OH" of H" into
itself, and h is conformal, the angle of P with OH" is the same as
angle of h(P) with OH".

We claim that h(P) = P. To see this, consider a straight line 1
passing through p and orthogonal to 0H", and let ¢; = r1 N JH".
Since the image h(ry) of 1 is a circle or a line, and makes the
same angle with JH" that r; does, it is clear that h(ry) = r1 and
h(q1) = q1. This shows that if P is perpendicular to JH", then
h(P) = P.
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The isometries of H™ and Liouville theorem
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The isometries of H™ and Liouville theorem

If P is not orthogonal to JH", let r be a line contained in P.
Again, h(r) is a circle or a line. If h(r) is a circle, making the same
angle a with OH" that r does, then ¢; € h(r), which contradicts
with the fact that h(q1) = ¢1. So h(r) is a line, h(r) =r. So
h(P) = P.

So h cannot include an inversion (since the image of most planes
would be a spheres) or an isometry distinct from identity. From
Liouville’s theorem, h = aA(x —p) +p,A € O(n). So A=1 and
a =1, since it takes H" onto itself.
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The isometries of H™ and Liouville theorem

For n = 2 case, the conformal transformation which maps ]R?F onto
R? is of the following form

az+b
, 2
cz+d

eH? c C,a,b,c,d € R,ad — bc = 1.

Due to easy calculation, we know it is isometry of H? . Moreover,
it is not difficult to show that for a fixed point py € H? and unit
vector vy € Tp,H?, there exists a transformation f of the above
form which takes any arbitrary p and unit vector v € TpIHI2 to
(po,vo). (Note that (p,v) are determined by 3 parameters and
(a,b,c,d) are essentially 3 parameters since ad — bc = 1 ). Since
there is a unique isometry of H? which takes (p,v) to (po,vo), we
know all isometries of H? are of the above form.
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The isometries of H™ and Liouville theorem

Now we prove that

A horosphere in H" is an isometric embedding of flat R"~1 in H",
which is complete and noncompact.

Proof. If a horosphere has equation x,, = ¢y. The metric on it is
L(dz?+ -+ +dx?_,). Clearly it is Euclidean metric on flat R"~1,
0

upto scaling. It is obviously isometric embedding of R*~! in H". If
a horosphere H,,, is tangential to z,, = 0 at point py € IR} , then
we can use a inversion J:;;”P to map it to the form z,, = ¢g.
Since such an inversion is an isometry of H" ™!, we see H,, is also
an isometric embedding of flat R*~1 .
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The isometries of H™ and Liouville theorem

Xy = (o

Po
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Nonnegatively curved hypersurfaces in hyperbolic space

We have studied some hypersurfaces in H"™. Especially we know a
horosphere is an embedding of flat R”~! in H". So it is complete
noncompact, with sectional curvature 0 everywhere. We want to

study some other examples of: complete noncompact hypersurface
in H™, which has Sec > 0.

First, we study the geodesics of H".

The geodesics of H"™ (half space model) are either straight rays

which are orthogonal to OH" or half circles which are orthogonal
to OH" at two ends.
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Nonnegatively curved hypersurfaces in hyperbolic space

dt)ﬁy/é)
] CY, >

‘Swieg:ce in 1’

Proof.
A straight ray which is orthogonal to OH" is given by
v(t) = (29, ,29_1,€"),t € (—o0, +00). Note that

gun (Y(t),4(t)) = 1. We will prove that (t),t; <t <ty has least
length among {c(t); c(t;) = y(ti),i = 1,2,¢(t) C H"}.
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We write ¢(t) = (x1(t), - ,z,(t)), then

I(c \/ ))dt > /t 21(t)\/:'n1(t)2—|—...+:bn(t)2dt

t

Z/: Eult )dt /:Qd:vn—tg—h—l(’Y(t))-

T, t1 Tp

Any half circle which is orthogonal to 0H" at its two ends can be
mapped to a straight ray orthogonal to JH" by an isometry of H™.
In the end, for any p € H" and v € T,,H", from basic geometry, we
know there is a geodesic of the above type passing p with velocity
v. Then any geodesic of H" is of the above type from the
uniqueness of the geodesic.
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E.CLI“ distont D-.dfev-su \-eace,
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Equidistant hypersurface ( with respect to a given geodesic)

An equidistant hypersurface is a hypersurface which has
everywhere the same distance to a given geodesic.

Shiguang Ma Hypersurfaces in hyperbolic space



Nonnegatively curved hypersurfaces in hyperbolic space

Equidistant hypersurface ( with respect to a given geodesic)

An equidistant hypersurface is a hypersurface which has
everywhere the same distance to a given geodesic.

Theorem

For a given geodesic and a given distant r > 0, there is always
such a hypersurface, which is complete, noncompact, embedded
and nonnegatively curved. It is the isometric embedding of

R x 1§7=2 in H".

Shiguang Ma Hypersurfaces in hyperbolic space



Nonnegatively curved hypersurfaces in hyperbolic space

To prove the theorem, we assume the geodesic is

y(t) = (29,--+ , 20, et),t € (—oo,+00). Otherwise, we can use
an isometry of H” to map the geodesic to such a geodesic.

Then given r, the equidistant hypersurface is given by

o = ayf(er = a2+ ot (g — 2,2

and a = (sinhr)~!.
Now we prove that it is an embedded infinite cylinder. We let
¢t =5 = flor— 2P+ (o~ )R

n—1
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Then on equidistant hypersurface

1
(dﬂf% + .. + d$721—1 + dl’i) = @(d«52 + S2gSn—2 + a2d52)

1
= (1 +a®)de? + ggoa).

Obviously, it is an embedding of R x 1S"~2, which has
nonnegative sectional curvature. Now we end the proof.

We notice that when the equidistant surface in H?, has topology
R x S', which has nontrivial covering space R2. So it can be
regarded as the isometric immersion of R? in H3. However, if the
equidistant hypersurface in H”, n > 4, has topology R x S"~2,
which is simply connected.
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We know x,, = const is a horosphere, and

Ty = oz\/:n%

+---+ a2, is an equidistant hypersurface. There
are also global graphs with Sec > 0 which lie in between at infinity.

Refer to Alexander and Currier's paper for the expression of such
surfaces.
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Based on the above examples, we can state the following theorem
of Alexander and Currier.

Theorem(Alexander and Currier)

Let M be a nonnegatively curved, complete noncompact
hypersurface of dimension n — 1,n > 3, properly embedded in H".
Then it is of the 3 kinds below. 1. Horosphere; 2. Equidistant
hypersurface; 3. A hypersurface which is asymptotical to an
equidistant hypersurface, or “weakly asymptotical” to a rotation
hypersurface which support every horosphere and supported by any
equidistant hypersurface at infinity.

Here “properly embedded” means the preimage of a compact set is
compact.
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Conjecture(Alexander and Currier)

Except for covering maps of equidistant surfaces in H3, a
complete, nonnegatively curved immersed hypersurface in
hyperbolic space is necessarily properly embedded.

Shiguang Ma Hypersurfaces in hyperbolic space



Nonnegatively curved hypersurfaces in hyperbolic space

Conjecture(Alexander and Currier)

Except for covering maps of equidistant surfaces in H3, a
complete, nonnegatively curved immersed hypersurface in
hyperbolic space is necessarily properly embedded.

This conjecture is proved by V.Bonini, S.Ma and J.Qing. Now we
briefly revise the “convex hypersurface problem” in R™ and H".
For a hypersurface of R™, at a point p, the following convexity
conditions are equivalent. 1. The second fundamental form is
semi-definite; (<= all principal curvature k; has same sign) 2.
The hypersurface has nonnegative sectional curvature at p(<=
kik;j > 0,Vi # j. ); 3. The hypersurface has nonnegative Ricci
curvature at p (<= ki(22;; kj) = 0,Vi # 5. ).
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Immersion implies embedding type theorem in R"

e Hadamard: A compact, strictly positively curved (K > 0)
surface immersed in Euclidean space R? is embedded as the
boundary of a convex body.

@ Stoker, Chern and Lashof, van Heijenoort extended
Hadamard's theorem.

@ Sacksteder made a most general extension to Hadamard's
theorem: a complete, nonflat, nonnegatively curved (Sec > 0)
immersed hypersurface (with dim > 2) in Euclidean space is
the boundary of a convex body.
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For a hypersurface ¥ in H", we can impose several “convexity”
conditions. At a point p, the following conditions become stronger
and stronger. 1. k; > 0 with respect to a given unit normal; 2.
Ric >0 at p; 3. Sec > 0 at p; 4. k; > 1 (infinitesemal supported
by horosphere) .

At P.in g divection

= AH.=o0
&, Ps4d
=, f.=
> ko>
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Immersion implies embedding type theorem in H"

@ do Carmo and Warner: An isometric immersion in H" of
compact, connected orientable manifold with sec > —1
(consequence of k; > 0) is a boundary of a convex body of
H", hence is embedded;

@ For noncompact case, even with k; > 0, a complete, immersed
hypersurafce in H" need not be embedded;

@ Currier: a complete, immersed hypersurface in H"” with k; > 1
is embedded. (Notice that equidistant hypersurface does not
satisfies this assumption);

e Epstein: a complete, noncompact, immered surafce in H?, if
k; > 0 and the "boundary at infinity” consists of single point,
is then embedded.
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Taliaferro’s PDE theory

Question

Suppose
—Au(z) = f(z) > 0,u(z) >0, f(x) € L*(B1(0)),z € B1(0)\{0} A R

Let u(r) = 5 [5p u(z)dS. We have

it true that 7 — m?
0og m

) s m>0,r — 0% . s
log -
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Taliaferro’s PDE theory

Question

Suppose
—Au(z) = f(z) > 0,u(z) >0, f(x) € L*(B1(0)),z € B1(0)\{0} A R

Let u(r) = 5 [5p u(z)dS. We have ) s m > 0,7 — 0T s

log

it true that “(xz — m?
Og ﬁ

The answer is no, since we have the example below. However, if we
remove a set which is “thin” at 0, it is true. (Arsove and Huber)

Shiguang Ma Hypersurfaces in hyperbolic space
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To prove the conjecture of Alexander and Currier, one of the
preparations we need is the following theorem of Taliaferro.

Theorem(Taliaferro)

Let u(z) be a C? positive solution to

0 < —Au(z) < ®@ 1z e By (0)\{0} c R?

Then either u has C! extension to the origin or

lim u(:l:z =m
r—0t log T2l

for some finite positive number m.
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To prove the above theorem, we need several lemmas.

Lemma
Suppose v is harmonic in B1(0)\{0} and

/ - |v(x)|dz = o(g), as e — 0. (4)

Then there is some 3 such that v(z) — S log ﬁ has harmonic

extension to B1(0).
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Taliaferro’s PDE theory

To prove the above theorem, we need several lemmas.

Lemma
Suppose v is harmonic in B1(0)\{0} and

/ - |v(x)|dz = o(g), as e — 0. (4)

Then there is some 3 such that v(z) — S log ﬁ has harmonic

extension to B1(0).

Proof. We let
_ 1
o(r) = —
(r) =5
Since v is harmonic in By(0), v(r) is also harmonic. So
" + 14’ = 0. The solution is o(r) = Blog 1 +b.

2
/ v(rcos,rsin0)db
0



Taliaferro’s PDE theory

Let v: R — [0,1] be a C decreasing function such that y(s) =1
for s < % and v(s) =0 for s > 1. For £ > 0, define
Pe(x) = (2] /e). Let ¢ € C5°(B1(0)) and ¢ = ¢(x) — ¢(0).

Then for small € > 0,

/(v—ﬁlog@—b)Aqﬁz/(v—Blog

1
]

D) [A(¢he) + A(p(1 — e),
_ / (v— Blog ,xl' ROINCS
= I1(e) + ¢(0) I2(e),

where

I(e) = / (v~ Blog ‘; —D)AGY),

B(e) = [ (o= Blog oy = 1)Av
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From (4) and supy, . |A(d:)| = O(1/e) , so I1(e) — 0 as
e — 0%, Also, since 1. is radial, so I5(¢) = 0. So letting e — 07,
we complete the proof.

Theorem 1 (Taliaferro)

Let u(x) > 0 be a C? solution to Au + f(z) = 0 in B1(0)\{0}
and f: B1(0)\{0} — [0,00) is a continuous function. Then
fiu€ Ll(B% (0)) and for some m > 0 and some harmonic

function uy, : B1(0) — R we have
2

u(x) = us(z) + ua(z) + up(x),z € B%(O)\{O},

where ug(z) = mloggl‘ and uq (z) = 5= f|y‘<% log Tiy‘f(y)dy-
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Proof. Averaging u on 0B, we get @(r), which satisfies

1,1 1

1
—/ _ el T f -
r <r) 2“ (2) 27 /7-<|I|<§ (w)dx for 0 <= 2

Thus f € Ll(B%(O)), otherwise there is some ry such that when

0<r <r r@/(r) >1. Then @(r) > L, which implies
u(r) — —oo as r — 07, Then we assume

1,1, 1
lim (Z@'(<) 4+ — dx) = —m < 0.
Mim (Sa(5) + o r<|x|<%f(w) x) =-—m <

Then r@'(r) = —m + o(1) and 2L = m + o(1), which implies

log%
2, 1 +
udx = O(e“log—), ase — 0
|z|<e €

which implies u € L'(B,,(0)).



Taliaferro’s PDE theory

Now we define u, : R? — R by

1 1
log
[z -y

f(y)dy.

Ug (T =5
T Jlyl<3

Then u, € CY(R*\{0}) N L(B,,(0)) and
—Au, = f in 2'(B,,(0)).

Also, using the

log [z — x0[dS = g(x0) =

2rr |z|=r

1 log |zo|, |xo| >
log r, |xo| < r

it is straightforward to show the average of u, on || =7,
ta(r) = o(log 1) as v — 07.
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This is because for fixed M large, we can choose r small such that
1

Ua = 5__ « d
Ua(T) - \x|=ru (x)dS
1 1 1
- fydy-/ log ——da
2m lyl<% ) 2mr |z|=r lz —yl
1
= F()a(y)dy
2T i<}
1 1
— 5 | s@ogndy =5 [ f)losluldy
T Jly|<r TJB 1 \Br
r M
1
~ 5 f(y)log ly|dy
T JB\B 1
2 r M
1
= o(logr) + MO(log T).
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So

1
/ lu—uq|dr < / udx—i—/ uodr = O(e*log ), as e — 0.
lz|<e |z|<e lz|<e €

So, by the lemma before, we have u — u, — B log ﬁ = uy in
By, (0)\{0} some some constant 5 and some harmonic function
up. It is easy to check 8 = m. Then we finish the proof of
Theorem 1.
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So

1
/ lu—uq|dr < / ud:c—i—/ uodr = O(e*log ), as e — 0.
lz|<e |z|<e lz|<e €

So, by the lemma before, we have u — u, — B log ﬁ = uy in
By, (0)\{0} some some constant 5 and some harmonic function
up. It is easy to check 8 = m. Then we finish the proof of
Theorem 1.

Theorem 2 (Taliaferro)

Let u(z) be a C? positive solution of 0 < —Awu < €?* in
B1(0)\{0} C R?. Then u(z) = O(log 1) as |z| — 0%
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Proof. From Theorem 1 of Taliferro, we know

u(z) = mlogi + ua(x) +up(z), x € B%(O)

]

where up, is harmonic and

1
21 Jly<i e =yl

ua(® (—Au(y))dy.

Now, for contradiction, there exists a sequence
{xr}2, € B1(0)\{0} such that |z;| — 0 as k — oo, and
2

lim u(xkl) =00
k—oo log |
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For |z — xx| < %,

1 4
/ log - (—~Auly))dy < (log ) [ ~Au(y)dy
R A I ] 2k Jo

then

1 1 1
u@) < Clog ko [ gt (< Auw)dy (5
\y—xk|<7k ‘.%' Z/‘

’I‘k’ 2w

for |z — x| < %, where C' > 0 does not depend on k or x. Then
we must have

1 1
i / log (—Au(y))dy — oo, as k — oc.

logm \y—mk\<% |2k —
(6)

Since —Au € L1, we have

‘ —Au(y)dy — 0 as k — oo. (7)
T
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For each integer k > 0, define fj : By — [0,00) by
fe = —r,%Au(:ck + i), where ri, = |z |/4.
Letting y = oy, + r1C, from (5)(6)(7), and —Au < 2%, we have

fx(()d¢ — 0, as k — oo,  (8)
1 4
M/ (log m)fk(OdC — 00, as k — oo, (9)

Ju(€) < exp(2M + © / (log 54 Q) for € € B,
(10)

where My, = C'log ﬁ and C is a positive constant that does not
depend on k or £.
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Let Q = {f € B : uk(g) > Mk}, where

w(©) = 3= [ lor g A0

Then letting py, = 7/2 [ fx(¢)dC, it follows from (10) that

Je(&)PrdE
Qp
dprur(€) g
< /B . ¢
I (Ol 21 (By) 1 4 fx(Q) dOVd
S/Bf”“"p“‘p’“ o /B B e e MOy ™

S/BQ /B €= TFeOllrmy %

<16m.
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Thus by (8) and Holder's inequality we have

limsup/ log 1 fr($)d¢ < 0.

k—o0

We define gi : B1 — [0,00) by

(8, £ € Bi\Q
9k (§) = {0’ e,

then from (9)(8) we see
1/ (logi)gk(ﬁ)dg — 00, as k — 00. (11)
My Jp," 7 [¢]

By (9)(10), we have

/ 9x(€)d¢ — 0,as k — oc. (12)
B



Taliaferro’s PDE theory

And

gr(§) < M (13)
in Bl.
For fixed k, think of gx({) as the density of a distribution of mass

in By satisfying (11)(12)(13). By moving small pieces of the mass
closer to 0 in a way that the new density does not violate (13), the

total mass fBl gr(€)d¢ will not change but M%CfBl (log %)gk(g‘)dg
will increase. Thus for some p; € (0,1) the functions

o 64Mka ‘<| < Pk
9k(¢) = {0’ o< IC < 1

satisfying (11)(12)(13), which is impossible because M} — oo as
k — oo. This contradiction proves the theorem.
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At last, we will prove the theorem of Taliaferro mention at the
beginning of this section. From Theorem 2 of Taliaferro, we know
u(z) = O(log ﬁ) then

1

0= ~8u) = e

v € B1(0)\{0}. (14)

Lemma (Taliaferro)
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Taliaferro’s PDE theory

At last, we will prove the theorem of Taliaferro mention at the
beginning of this section. From Theorem 2 of Taliaferro, we know
u(z) = O(log ﬁ) then

1

0= ~8u) = e

v € B1(0)\{0}. (14)

Lemma (Taliaferro)

1 1 1
o =5 [ o ——(~Au(y))dy = ollog )2 lel = 0%

Proof. Let ¢ > 0 and M = %fBl —Au(y)dy + 1. Fix |z| small and
2
positive we have u, (1) = L (I(z) + J(2)).

~ o
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1
" /|yx|>|x1/M log |z — v (—=Au(y))dy
< (1og %) ~ulg)dy -+ og ) / Aoy

ly—a|<|z[t/M

and where J(x) := fly—$|<lf€|/2 log m—iy‘(—Au(y))dy.
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From (14), we know

1
OS—AuSW,x,yEB%\{O} and |y—x\<’$2|. (15)
Let r(2)? = (1/7)E(z)|z|¢, where
E(x) := / —Au(y)dy — 0 as © — 0.
ly—z|< gl

Since

dy mr(x)? /
5 = = —Au(y)dy,
/|y—x|<r(:t) lz|€ |2l ly—a|<|z|/2

it follows from (15) that
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1 1 21 r(x)? 1 r(x)?
/| log—dC—mc( 5 IOgr(x)+ 5 )

cler@) 1€l
= O(E(x)log #) = o(logi) as |z| — 0%
E(z)|z|¢ Bl '
Then we proved the lemma.
By the above lemma, Taliaferro's theorenlq is true when m > 0.
When m = 0, we see —Au(x) = O(|z|"2). Thus u, and hence u
is bounded in B%. It follows that —Auw is bounded in 2. Therefore

N and hence u has C! extension to 0. We completes the proof of
Taliaferro’s theorem.
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AdS-CFT correspondence

Ball model of hyperbolic space

Let B"*! be the unit ball of R™*!. Using the coordinate

(1, ,Znt1), we introduce the following conformal metric ggn+1
on Bt
g = . (daf + -+ daj i)
T +1 .2 n+l
(1= 27)?

We prove that (B" ™! gpni1) is isometric to (H" !, ggn+1). For
this, letting po = (0,--- ,0,—1) we define

. 1 1
f:B" S R
2(p — po)

+ po,
Ip — pol?

p =

it is straightforward to check the map is diffeomorphism.
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Due to easy calculations, if v = (v, -+ ,vp4+1) € TpB”+1, we let
n+1

Z 2

2@n1(P+L) g ‘1 |p|‘2 (this is because

grn+1 (dfp(v), dfp(v)) = \p pol?

Notice that f,+1(p) =

Ip—po?
2% p41 +2*(SE%+" '+l'721+(33n+1+1) ) = 1*($17L +$n+1))'
Therefore
. d ,d n+1
g1 (dfp (v), dfp(v)) _ E Z” — g (0, 0).

St (p)? (1- Ipl

So (B""!, ggni1) gives another model for H™+1.
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Definition

If ¢ : M — B! is an immersion, we define the asymptotical
boundary at infinity d,oM as
{p € dB™"L;p is a limit point of ¢(M)}.
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Now we will work with B™+1. Similarly we can prove

The isometry group of B"*! (regarded as the unit ball of R?*1)
consists of the restrictions of conformal maps of R”*! which map
B"*! onto itself.

Now we can prove

For n > 2, the isometry group of H"*! ~ B"*+! is isomorphic to
the conformal transformation group of S™.
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AdS-CFT correspondence

Now we will work with B™+1. Similarly we can prove

The isometry group of B"*! (regarded as the unit ball of R?*1)
consists of the restrictions of conformal maps of R”*! which map
B"*! onto itself.

Now we can prove

For n > 2, the isometry group of H"*! ~ B"*+! is isomorphic to
the conformal transformation group of S™.

Proof. We identify S* = 9B"*!. Give any ¢ € Iso(B""1), ¢ is a
conformal transformation of R"*!, which maps B"*! onto B"t!.
Then £ : S™ — S™ is a conformal diffeomorphism.
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If £:S™ — S™ is identity. Then ¢ must maps any geodesic of B!
to itself, since the ends are fixed points of £. Then we know

¢: B"t! — B"*!l s identity since any point of B"*! is the
intersection of two geodesics.

On the other hand, we prove that a conformal diffeomorphism
£:S™ — S™ can be generated by the following two kinds of
elements. Each one can be extended to a conformal
diffeomorphism ¢ : B+l — Bl
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AdS-CFT correspondence

° St P

"“\\Z’W Q,:f)@gn %ﬁﬂi%".\ %6 O, PE%@ T % ¥ @)
& 2, L% Iri G

T B%T Sem ek

Shiguang Ma Hypersurfaces in hyperbolic space



AdS-CFT correspondence

For this choose p € S™ and consider stereographic projection

mp : S — R™. The conformal diffeomorphism on S" has
one-to-one correspondence with the global conformal map on R”,
which is generated by isometries, dilatations and inversions. These
three kinds can be generated by 7}, and R,.

¥

Al
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AdS-CFT correspondence

From Erlangen program, there is a correspondence between the
Riemannian geometry of H"*! and the conformal geometry of S™.
This is often mentioned as “AdS-CFT correspondence” in
theoretical physics.

In our case, what we are interested in is the submanifold in H*+1,
we will show how to reduce the problem to a conformal geometry
problem on S™.

Key idea

A “nice” hypersurface M in B"t! = H"*! have a conformal
metric g, = e?“G*gsn on M, which is called “horospherical
metric’. And the principal curvatures of the hypersurfaces
correspond to the eigenvalue of the Schouten tensor of gj,.
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Hyperbolic Gauss map

Suppose f : (M™, grr) — (B™H, ggnt1) is an isometric
immersion. For p € M, suppose U is a neighborhood of p in M.
On U we choose a smooth normal vector field 7. Suppose

Yn(t),t > 0'is a geodesic ray with v, (0) = p and 7,(0) =7,
suppose 7, (+00) = g € S” = B L. Then we define the
hyperbolic Gauss map G : M™ — S™ such that G(p) = p.

Notice that the definition of Hyperbolic Gauss map depend on the
choice of the normal vector field. An equivalent definition is that,
for given p and 7, there is a unit horosphere H,, which is tangential
to M at p and have 7 as interior normal vector field, then G(p) is
defined as the infinity of #,,.
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Lorentzian space and hyperboloid

There is a third model for H™t!, for which we will introduce the
Lorentzian space L."*2. The Lorentzian space

L"+2 ~ (R"*2 g ny2). In the standard coordinate

(2o, 1, yTn), guntz = —dazd + dx? + - - + dz?. We define
hyperboloid

Q" = {(zo, -+ ,Tp+1);20 > 0, —x% +a:% ‘e +x%+1 =—1}.

Although gy »+2 is not a Riemannian metric, its restriction on
Q™. gon+1 is Riemannian. We will prove that (Q™*!, gon+1) is
isometric to (B"*!, ggni1). So it is another model for H”+1. The
idea of the proof is the following and the details are left to you.
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AdS-CFT correspondence

Now we will consider Q"1 C "2, Denote

NT = {z;20 > 0, —af + i + a7y =0}

S{‘:{a:;—;rg+x%-~+xi+1=1}.

Suppose ¢ : M™ — Q"1 c L"*2 is isometric immersion and
suppose X" is orientable and 7 is a global unit normal vector field
of M™ in Q™! We may also consider 1 as a map

n:M — L2
since L"*2 is a linear space. We define
Y=¢+n: M"— L2
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AdS-CFT correspondence

1) maps M into light cone N*. So it is called “light cone map”
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AdS-CFT correspondence

1) maps M into light cone N*. So it is called “light cone map”

Proof. The Levi Civita connection of L"*! is the same as the
usual derivative of Euclidean space. Given p € M, suppose c¢(t) is
a curve of Q! which satisfies ¢(0) = #(p). We know

d

0= %QL"M (c(t), c(t)|t=0 = 2gpn+2(¢(t), d(p)).

So é(p) is normal to Q"*!. Since 1 is tangential to Q" "', we have
gun+2((p), n(p)) = 0. So

grrr2(Y(p); ¥(p)) = gun+2(8(p), ¢(p))+gLn+2(n(p),n(p)) = =141 = 0.
1) € N7 since the tangential space of @"*! has no intersection
with N~.



AdS-CFT correspondence

For p € M, we choose {e;}?_; as an orthonormal frame at p. We
also consider {e;} as an orthonormal frame at ¢(p). Thene; L ¢
and e; L . We can choose {e;} specially as the principal
direction of M, which means QnHVein = k;e;.

Notice

gunt2(dn(eq), ) = —gLn+2(n, dd(e;)) = —gLn+2(n,e;) =0,

1
grn+z(dn(e;),n) = 3 CigLn+2 (n,m) = 0.

We see that )
dn(e;) = ot Ve,n = kie;.

Then
d’lﬁ(ez) = (1 + I{:Z)ez
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If k; > —1, ¢ is an immersion and (M) is codimension 2. The
two normal vectors are ¢ and 1. And the second fundamental form
is given by

(Ay)is = (L+k)(— + kim)gis
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AdS-CFT correspondence

If k; > —1, ¢ is an immersion and (M) is codimension 2. The
two normal vectors are ¢ and 1. And the second fundamental form
is given by

(Ay)is = (L+k)(— + kim)gis

Proof. Since k; > —1,
dip(e;) = do(e;) + dn(e;) = (1 + k;)e; # 0.

So 9 is immersion and it is obvious that (M) is codimension 2.
We claim ¢ and 7 span the normal bundle of (M), since

gunt2(dip(ei), #) = gunt2(ei, @) + gunr2(dn(e;), ¢) = 0,
gun+2(dip(€i),n) = grn+2(€i,n) + gLn+2(dn(e;),n) = 0.

Shiguang Ma Hypersurfaces in hyperbolic space




AdS-CFT correspondence

Since

Hessgy(e, e5) = ejeih — (dwzvej i),
and —deVejei = >, Bie; we have
2
9Ln+2(2w(6¢, e;),¢) = —grn+z(ejeith — (W Ve, €i), d)
= —gpLn+2(eje;d + ejein, @)
= gLn+2 (ei, ej) + kiig]LrH—Q (ei, ej) = (1 + kl)él]
Similarly, we have
gmw(ﬁw(eia ej)sn) = (1+ ki)k;oij.
So
Ayleres) = (~(1+ k)b + (1+ k)km)sy;
= (14 ki) (=& + kin)gij-



AdS-CFT correspondence

Horospherical metric

We define the horospherical metric on M by g;, = di?, that is, the
pulled back metric by the map 1, which is also Riemannian if
k; > —1. If fact we have

gn(ei,€5) = gz (dio(e;), dip(e;)) = (14k;) (14k;) 055 = (1+k;)54;.
Then we know

Z¢ = (1+ ki) (=0 + kin)gn

Shiguang Ma Hypersurfaces in hyperbolic space



AdS-CFT correspondence

Light cone map and hyperbolic Gauss map

Since we have a way to identify Q™! with the unit disk

224t :U,2H_1 < 1,29 = 0 by the stereographic projection map
P. We have

Let 'lp = (¢0,¢17"‘ ,¢n+1) = (w071;)' then GOPO¢ - %

Proof. See the graph below.
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Definition

We define p = log 1y and call it horospherical support function.
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Definition

We define p = log 1y and call it horospherical support function.

gn = er(dG)*ggn.

Proof. Since gpn+2(1,%) =0 and gpn+2(),e;) =0

AG2(e1,05) = gunia(d-o(e). - (e;)) = -

- d 2 15 C5)-
o o 11%1/}(6 i)
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AdS-CFT correspondence

Definition

We define p = log 1y and call it horospherical support function.

gn = er(dG)*ggn.

Proof. Since gpn+2(1,%) =0 and gpn+2(),e;) =0

(U Y 1

dG?(ei,e;) = ginia(d—(e;),d—(e;)) = —

(eis€5) = gLn+a( %( ) wo(a)) 7

It is also easy to prove that : if k; > —1, then G is local
diffeomorphism.

di/)2(€i, ej).
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AdS-CFT correspondence

Now if ¢ : M — Q™! is an immersion, then we can define map
1,1, G and function p. What is important for us is that ¢ can be
expressed in terms of G and p.

Theorem (Representation formula)

Suppose ¢ : M — Q"*! is an immersion with k; > —1 uniformly.
Let p be the corresponding horospherical support function.Then

P
6= S (1+ e (1 + [ Vpl2,))(1,2) + €0, —z +5" V)
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AdS-CFT correspondence

Proof. First we prove that

2n(n — 1) ’
where R is the scalar curvature of g; and A% is the Laplacian of
1) with respect to g;. We do the calculation at p, using the
orthonormal frame {e;}, which are the principal directions with
principal curvatures k; . We let v; = 1+k So gn(vi,vj) = 5.

(z): lAghq/J‘F
n

From .
i
2 o 5
v (i, v5) = (= 1+k o+ T M
If K(x,y) denotes the sectional curvature of v, from Gauss
equation
K (v;,v5) =< X (vi, v5), Z (vj,v5) —||Z (vi, v5)|
1 1

—1—
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AdS-CFT correspondence

So we know that

R(gn) = n(n—1) =2(n - 1) Z

n
=1

17
1+ k; (17

7

Also the mean curvature of v is

Hy=3 Aotwnw) =Y (ot o)
i=1 ¢

— 1+ k;
_;(_¢+1+ki¢+1+ki”)
=g+ Yy
N ; 14+ k"

1
=—n¢+(n—zl+ki>w-
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Now we recall that

"1
Gholy — _ — _ _
A= —Hy=né— (n ;Hkiw.
So we have
1 n
~ A9n _
¢ = Aw+ nzl

From (17), we can prove (16).
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AdS-CFT correspondence

Now we compute A% ). First because g, = €2’ ggn

AT = H(AFG 4 (0~ 2)gon (" Vp S TY)). (18)
Let {ug,--- ,uns1} be the canonical basis of L"2 and write
Y= (o, s ¥nt1). Let (1,z) = (1,21, ) € S™.

n+1
A5 ) = (A% el AP (eP)x + eP A" 1 + 2¢P Z gsn (%" Vi, 95" Vp)uy
k=1
= (e"PA%B"(e?))p + (0,eP A" x 4 2¢P 5" Vp).

Now A% — —np and A eP — ep(A9§Hp+ ||anvp||gsn)7 we
have

A% = (A" p 4 [|%" Vpllg., ) + € (0, —nx + 29" Vp). (19)

gsn
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Notice that, for any Z € S(T'M(S™)):

n+1

gsn (%", Z) i=> " gsn (%" Vi, Z)uy.
k=0

Then if we choose f; as the orthonormal basis of S”,
gw@“Vwﬂ“Vw)=§:ﬁ0ﬂfw0

—Zﬁ (e (fi(p))(L, ) + (0, f7))

:Hgg" Vol gt + (05" Vp). (20)
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AdS-CFT correspondence

From (18)(19)(20) we have that
AT = e (AF o (n— 1) |5 T2, Yo+ne#(0, —+5" V).

On the other hand it is well known that if g;, = e?*’gs» we have

n—2 n el
AIs™ gsn 2 24 _ = R =0.
So
Adrp = (= + (I+[1%" V[ g )0 +ne” (0, —2+%" Vp)).

2(n—1) 2

Plugging this into (16) we get the result.
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AdS-CFT correspondence

Now we consider the tensor on M,
n 1 T
P=-9"V*p+dp®dp— E(HgS VpHgsn —1)gsn.

When n > 3, this is actually the Schouten tensor of g;,. That is

K )9)'

Sch = =1

n_Q(Ricf

The curvature has decomposition

Rijri = Wijr + giwSchji — gipSchi — gaSchjr + gjiSchi.

Let e; be the principal direction. Then ¢e; are also the
eigendirection of P. Let A; be the corresponding eigenvalue with

respect to g5. Then we have \; = % — H%
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Proof. Choose f; as the geodesic frame at p in the metric gsn,

Pyj = —%"N5p + pipj — *(HgS"VpllgSn — 1)(gsn)ij
where (gsn)ij = ;5. Now we calculate
Lo = fifip— (VS = fifip,
"o = fifip = (V1. fp)p = fifip = T

Since gy, = %P ggn

1 _
(Fh)?j = 56 2p5kl(3i(€2p(gs2)jl) + aj(€2p(gs2)il) - 5l(€2p(gs2)ij))
= piOkj + PjOki — PrIij-
So we have
(9"V2p)ij = (P V2p)ij — 2pipj + pidij-

Shiguang Ma Hypersurfaces in hyperbolic space
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1
Py = =("V2p)ij = pipj + 5 (1% Vol g + 1)(gsn)is-

Now we choose normal coordinate undar g,. As p = log g, we see

that
Biho. 000 — Bitbodjtbo
INp)ij = O05p = 0;(—
(V20 = Oy = () = T
_¢0 13]1/]0 PiPj-
So

_ 1 g
Pij = =y (" V0)ij + ¢ (19" Vpllz,, +1)(gn)ij-
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From the expression of second fundamental form, we know that
—(V%y)ij = (—ﬁkidﬁo + %no)(gh)ij- So

1 bt k;
T+ & 15k

- 1 n
Py =5 (— mo+ e (%" Vollgs, +1))(gn)is-

Now we know that, from Representation formula,

e’ _ .
b0 = 5 (1+e (14 [|*" Vg, ))-

So 1 )
_ n 2 €
56 P14 [Vl = 60— 5

= i — Don)ss = (5~ ) o)

w— o 1+k 0 g 1+ k; Ih)ij-
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The proof of Alexander and Currier’s conjecture

Now we let n > 2. From the decomposition R;;;, for locally
conformal flat manifold, we know

Rijij = Sch,-,-gjj + Schjjgii =\ + /\j,i 75 J-

Suppose ¢ : M™ — Q" *! is nonnegatively curved immersed
hypersurface. Then ¢ is strictly convex k; > 0 and the
horospherical metric is also nonnegatively curved.

Proof. From k;k; > 1 forall i,5 =1,--- ,n, we know k; > 0 for
alli=1,---,n. Since )\i:%—ﬁ,we have

G ):)\i“‘)\j:

€; k‘ik‘j—l
L4k’ 14k

> 0.
(14 Fi)(1+ k)

Secg, (



The proof of Alexander and Currier’s conjecture

For a local conformal flat manifold, a conformal immersion

F:M"—S"

is called a developing map.

If n >3, and M™ is simply connected, locally conformal flat
manifold, then there is a developing map from M™ to S™. And the
map is unique up to the conformal transformation of S™.
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The proof of Alexander and Currier’s conjecture

For a local conformal flat manifold, a conformal immersion

F:M"—S"

is called a developing map.

If n >3, and M™ is simply connected, locally conformal flat
manifold, then there is a developing map from M™ to S™. And the
map is unique up to the conformal transformation of S™.

Theorem(Schoen-Yau)

Let (M",g) be a complete Riemannian manifold with R, > 0. If
F: M™ — S™ is conformal, F' is injective.
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The proof of Alexander and Currier’s conjecture

Theorem(Shunhui Zhu)

Let Q C S™ be a domain of standard S™. If there is a complete
conformal metric g on (2 such that Ric, > 0, then the Hausdorff
of 9 = S"\Q is 0. If fact 99 consists of at most two points.
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The proof of Alexander and Currier’s conjecture

Theorem(Shunhui Zhu)

Let €2 C S™ be a domain of standard S™. If there is a complete
conformal metric g on (2 such that Ric, > 0, then the Hausdorff
of 9 = S"\Q is 0. If fact 99 consists of at most two points.

Theorem(Injective hyperbolic Gauss map)

For n >3, let ¢ : M™ — H"*! be a complete, nonnegatively
curved, immersed hypersurface. Then the hyperbolic Gauss map is
a developing map from (M™, gp) to (S™, gsn) and is injective.
Moreover, the Hausdorff dimension of 0G(M) = S"\G(M) is zero.
In fact OG(M) consists of at most two points.
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The proof of Alexander and Currier’s conjecture

Proof.

Since (M™, gar) is nonnegatively curved, we know gy, is also
nonnegatively curved. Then from the theorem of Schoen and Yau,
we know, the hyperbolic Gauss map G as the developing map, is
injective. Then from Shunhui Zhu's theorem, we know G (M)
consists of at most two points. Then we end the proof.

</
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The proof of Alexander and Currier’s conjecture

Let n > 2. Let © be a domain of S”. Let ¢ : Q — Q"' be given
by
o
6= L0+ e (1 + [ Tpl2,))(1L2) + €00, —a +#" Vp)

whose hyperbolic Gauss map is G(z) = z. We can define a normal
flow of ¢(M), by

p+t n
o = S (e X D142 V|2 ) (1, ) e 4 (0, o+ V).

gsn
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The proof of Alexander and Currier’s conjecture

The properties of the normal flow.

@ The normal flow preserves the hyperbolic Gauss map and
boundary at infinity.

@ The normal flow preserves the nonnegative sectional curvature
condition.

@ When ¢ is a horospere, ¢ is also a horosphere. When ¢ is an
equidistant surface, ¢; is also an equidistant surface. If ¢(M)
is contained in a horosphere H, then ¢, is also contained in
H.
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The proof of Alexander and Currier’s conjecture

The properties of the normal flow.

@ The normal flow preserves the hyperbolic Gauss map and
boundary at infinity.

@ The normal flow preserves the nonnegative sectional curvature
condition.

@ When ¢ is a horospere, ¢ is also a horosphere. When ¢ is an
equidistant surface, ¢; is also an equidistant surface. If ¢(M)
is contained in a horosphere H, then ¢, is also contained in
H.

Theorem(Bonini,Qing,Espinar)

For n > 2, let ¢ : M™ — H"*! be a complete hypersurface with
injective Gauss map and k; > —1 uniformly. Suppose that the
asymptotic boundary d-,¢(M) at infinity of the hypersurface is a
disjoint union of smooth closed submanifolds in S™. Then, along

the normal flow, ¢;(M) eventually becomes embedded.
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The proof of Alexander and Currier’s conjecture

If Ox¢ consists of two points, then we can use the normal flow ¢,
such that ¢; is embedded for ¢ large. So from the classification
theorem of Alexander and Currier, we know ¢; is an equidistant
hypersurface. So ¢ is also an equidistant hypersurface.

If O ¢ contains only one point, then we can generalize Epstein's
result to conclude that it is embedded.

D
=
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The proof of Alexander and Currier’s conjecture

HYPOTHESIS F. Suppose there exists a smooth foliation of H> by planes
{H,: t € R} such that

(@) Forall t, MNH, is a compact set.

(b) Hy is a local support plane at a point where M is locally strictly convex.

We have the following extension of Van Heijenoort’s theorem.

THEOREM 4.1 [8]. Let M be a connected topological surface and  an immer-
sion of M into H? such that:
(1) ¢ is locally one-to-one;
(2) every point p in M has a neighborhood N such that y(N) is part of the
boundary of a compact convex set;
(3) ¥(M) is locally strictly convex at some point (as in Hypothesis F);
(4) the metric on M defined by pulling back the hyperbolic metric via { is
complete; and
(5) Hypothesis F holds.
Then /(M) is the boundary of a convex set in H>.
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The proof of Alexander and Currier’s conjecture

n = 2 case

K, = Kou > 0.

T (14 k) (1 + ko)

Since \; = 3 — %kz we know A; € (—3,3). Then

—%gh <P < %gh. Let 7 : M2 — M? be the universal covering
map. Letq3:¢ow:M—>Q3, G=Gor: M —S% g, =7*g
and K, = Ky, om > 0.

~ A - ~ ~ 1 ~ vk
P=Por=-"%V"+dpedp—5(ldpl3.,, — G gs
S

where p = po 7 and —%gh <P< %gh. From Huber's theorem, we

know M is parabolic. And since it is simply connected, we know it
is biholomorphic to R?.
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The proof of Alexander and Currier’s conjecture

Theorem (n = 2, flat cases)

Let ¢ be an isometric immersion flat Euclidean plane to Q3. Then
¢ is either a covering map of an equidistant surface about a
geodesic in @3 or it is an embedded horosphere.

Proof. First from
K,
(1+Fk1)(1 + ko)

K, = =0,

(R2, g1,) is isometric to the Euclidean plane. Let z = (x,7) be the
Euclidean coordinate for (R?, g) so that

|dz|? = gn = e*G*gso.
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The proof of Alexander and Currier’s conjecture

As

1 _
Pij = =(""V?p)ij = pipj + 5 (Idplg, + e~ )gn,

in local coordinate (x,y) we have

1 1 _
an: - _85/) + i(p?/ - pi) + 56 2p’
1 1 _
Pyy = —6§P + 5(03; - PZ) + 5¢ 2,
Py =Py = —8§7yp — PaPy-
We have
Puy+ Py = —App+e 2 =0.
And

_ 3 —p
Praoy = =0rayp + PyPyy — PaPay — € "py
_ 3
P:cyz = _apymp — PxzPy — PxPyz-



The proof of Alexander and Currier’s conjecture

Pacacy - Pa:y:c = PyAhP - eippy =0.
Also
anzw = —8§m/7 + PyPyx — PxPrx — ei2ppx7
Pryy = _6§yyp — PxyPy — PzPyy-
So
Proy + P:):yy = *ax(Ahp) - pz(AhP) - 6_2ppx

= 2672pp:c - eizppz - 672/)/73[:
=0.

So Py —\/—1Py, or Py, +/—1P,, is a holomorphic function on
2
(R=, 2).



The proof of Alexander and Currier’s conjecture

As 1 1
—§|dz|2 <P< §|dz\2

we know that this holomorphic function is bounded on the whole
C. So it is a constant. So the principal curvatures of the intrinsic
surface is also constant. From the classification of isoparametric
surfaces in hyperbolic 3-space, we have proved the theorem.
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The proof of Alexander and Currier’s conjecture

Now we consider a complete, noncompact, nonnegatively curved,
nonflat, immersed ¢ : M — Q3. First (M, gy) is also
nonnegatively curved and complete.
Let's assume z = & + /—1y is the complex coordinate on M. We
have

G = €*P0|dz|? = 2P G* gso.

Rewrite the relation as
|dz:\2 = 62(’7750)@*982 = 62”0@*982

for po = p — po and consider the symmetric 2-tensor

1 Yk
Py = —Vé*gSQPO + dpo ® dpo — i(fdpo%*w —1)Ggse.

It is easy to know that P, also gives rise to a holomorphic function
as —Ag2pg + e 2P0 = 0.



The proof of Alexander and Currier’s conjecture
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The proof of Alexander and Currier’s conjecture

Let
- ~ v 5 5 I e
P=-59V?+dp®dp— - (ldplg., , — )G gse.
In (z,y) coordinates we have
.1 - - 5
(Po)11 = 920 — 5((393/)0)2 — (8y0)*) + Pu,
.1 - - 5
(Po)22 = 92p0 — 5((81;,00)2 — (02p0)?) + Poa,
(Po)12 = (Po)21 = 820yf0 — (8zfo) (Byfo) + Pra.
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The proof of Alexander and Currier’s conjecture

Now we use Taliaferro’s result to prove that
po = —mlog |z| 4+ o(log|z|) as |z| = oo

for some m € (0,1] .
We first take an inversion. Let Z W be the inversion map. Then

|dz|* = —;|dz[* and gj, = €*70|dz|* = 2P0~ 2lee )| 422 = ¢2|qz)?

2]+

where
v(3) = hol 1) 2log |3]. (21)
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First we assume v has a lower bound on Bj(0). Since
0< —Av= theQ’“ < e according to Taliaferro’s Theorem, we
get

- 1 1 -

v(2) = my log H + o(log g) as Z — 0

for some my > 0. Next we claim that mq > 1 since the metric
g = €%?|dZ|? is complete and noncompact at the origin.
Assume otherwise m; < 1. Then let mg € (mq,1) and 7, be
sufficiently small so that v < mglog % forall 0 < |Z| < rs, which
implies

exp(v) < |Z|7™2 forall 0 < |Z| < rs,

and

/ exp(v(t,0))dt </ 7" dt < oo.
0 0

This is a contradiction.
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The proof of Alexander and Currier’s conjecture

Therefore, from (21) we know

1 1
u(z) = (2 —m)log [ + o(log m) as |z| = oo

where m =2 —mq < 1.
To see m > 0 when g is nonnegatively curved and nonflat, we recall

—Au = ng2“ > (0 in RZ.

For 0 < 79 < r1, we have that

1
7’2@/(7“2) = 7“17]/(7’1) + / ngzu,
27 Jry<|zl<r

where
B 1
a(r) = Py
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Then

1 2w
'(r)] < / |Vu(rcosf,rsin@)|dd
0

2

and therefore

lim 7o' (ry) = 0.
'I’g—}OJr

So we have )

- K e,
27 |z]<r1

rlﬂ'(m) =

Now, from u = mlog ﬁ + o(log |z|) as |z| — oo, it follows that

lim ra'(r) = -m=— [ Kz <0,
71—00 R2

and K, > 0 and is not identially 0.



The proof of Alexander and Currier’s conjecture

Now we prove that v has lower bound in By (0). We first observe
that e~? is a subharmonic function on (R?, e2|dZ|?), that is

Age ™ = eV Vul* — eV Ay = e (Vo> + K,) > 0.

Theorem (Li and Schoen)

Suppose that M" is a Riemannian manifold with Ric > —(n —1)k.
Let zg € M and r is a number that if M has no boundary, 7 is less
than half of the diameter of M; if OM # ¢, r < %d(xo,aM).
Then for a nonnegative subharmonic vy, 7 € (0, 3)

2 ~ _—C(1+VFr) 1 / 2
sup v < T _ vidvol.
B —ryr(z0) ' vol(By(x0)) By (x0) '
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Theorem (Croke and Karcher)

If (M?,g) is complete and nonnegatively curved, then there exists
a constant C(M) such that, for r <1,

voly(By(z)) > C(M)r?.

Thus, the fact that the conformal factor v is bounded from below
follows from Li Schoen's inequality and and the fact that

vol| 432 (By(20)) is bounded.

Then we proved that

po = —mlog |z| 4+ o(log|z|) as |z| = oo

for some m € (0, 1].
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The proof of Alexander and Currier’s conjecture

Then from 1 .
—~gn < P < =n,
29h 2gh
we know

<C < ——rs 22
ERNCEFDE: )

and hence |P| belongs to LP(R?) for some large p > 1. From
interior estimates to the Gaussian curvature equation

—Apo = K§h62ﬁ0
and the Schauder and LP estimates, we have

_2 ~ ~ _2 ~
{32 2 110%50ll o mroy < ClllpollcoBamo) + B2 7 I1K5,€2 | 1o (Bop(o
<

7(10pollco(B, (2 Cllpollco(py, )y + 211K, €| co By, (2)))-
(23)
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The proof of Alexander and Currier’s conjecture

From (22) and the first inequality of (23) as R — oo, we have
9%po € LP(R?) for p large since Kj, is bounded. Now in the second
one of (23), we choose r = (1 + |2|2)% < 1|2| at least when

|z| > 2v/2, we get

|0po(2)] < (log |z + C©),

(1+]22) 7

which implies that |9po(2)?| € LP(R?) for p large. So
|Po| € LP(R?).
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The proof of Alexander and Currier’s conjecture

With Py = 0, we know

po =1og(Cl(z — z0)* + (y — wo)*] + E)'

Now we use Representation formula to generate a immersed
surface in H? with intrinsic Gaussian curvature 0. We know it is a
horosphere.

So we know G : M — S? is injective and G(M) = S*\{¢}. And
the boundary at infinity of d)(M) is a single point. So the covering
map is a diffeomorphism.

p=po+po=(2—m)log|z| + o(log]|z]), m € (0,1]

as z — +00. So p(G~1(£)) — 400 as € — ¢. From an argument
of Bonini, Espinar and Qing, we know 0,,¢ = {q}. From the result
of Epstein, we know that ¢ is embedding.
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The proof of Alexander and Currier’s conjecture

Thank you for your attention!
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