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A brief resivion of Riemannian Geometry

Riemannian manifold and Riemannian metric

Suppose Mn is an n-dimensional differentiable manifold (that is a
A2, T2 space, locally homeomorphic to an open set of Rn, with a
C∞ differentiable structure). We use g to denote its Riemannian
metric, that is, to give any point TpM (tangent space at p) a
positive definite inner product, which is smooth when you write it
in local coordinate.

In local coordinate {xi}ni=1, we write
gij(x) = g( ∂

∂xi
, ∂
∂xj

)|x=(x1,··· ,xn). We say g is smooth (or C∞) if

gij(x) is a smooth function of x. This property is independent of
the local coordinate chosen. If X = Xi ∂

∂xi
, Y = Y i ∂

∂xi
are two

vector fields, then g(X,Y ) = XiY jgij .
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Levi-Civita connection

We use ∇ to denote the unique affine connection which is
compatiable with the metric g and torsion free. We use
Γkij∂k = ∇∂i∂j to define the Christoffel symbol. ∇ induces

covariant derivative D
dt along a curve α(t), such that

D
dtX(α(t)) = ∇YX, if Y = α̇(t) along α(t).

The following formula is an exercise:

Γkij =
1

2
gmk(∂igjm + ∂jgim − ∂mgij).

We denote

C∞(M) = {f(x); f(x) is smooth upto infinitely many order.}
χ(M) = {X : X is a smooth vector field upto infinitely many order.}
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Curvature

The curvature tensor is defined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,X, Y, Z ∈ χ(M)

in which [X,Y ] is the Lie brackets of X,Y . We denote
R(X,Y, Z,W ) = g(R(X,Y )W,Z).

In local coordinate {xi}, we write Rlijk∂l = R(∂i, ∂j)∂k and
Rijkl = R(∂i, ∂j , ∂k, ∂l). We have

Rijkl = gls(ΓmikΓ
s
jm − ΓmjkΓ

s
im + ∂jΓ

s
ik − ∂iΓsjk).
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Sectional curvature

Suppose σ ⊂ TpM is a two dimensional subspace of TpM , we let
σ = span{X,Y }. The sectional curvature of σ is

K(σ) = R(X,Y,X,Y )
|X∧Y |2 , where |X ∧ Y | is the signed area of the

parallelogram spanned by X,Y.

Ricci tensor

Ricci tensor Ric(X,Y ) is defined by
∑n

i=1R(X, ei, Y, ei), {ei} is
orthonormal basis. Ric( X

|X| ,
X
|X|) is called the Ricci curvature in X

direction.

Scalar curvature

Scalar curvature R is defined by R = Ric(ei, ei).
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Submanifold and hypersurface

We suppose the notion of immersed and embedded submanifold is
clear. A hypersurface is a codimension one submanifold.

Second fundamental form

Let N is an immersed submanifold of M , with induced metric h,
we use ∇̄ to denote the Levi-Civita connection of N . Then
∀p ∈ N , TpM = TpN ⊕ T⊥p N . The second fundamental form
~A : TpN × TpN → T⊥p N is defined by ~A(X,Y ) = ∇̄XY −∇XY.
If N is codimension 1 and locally we choose a unit normal vector
field η, then ~A = Aη and A is a real valued symmetric two tensor.
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Space form

Among Riemannian manifolds, the constant sectional curvature
ones are important, which are called space forms. Simply
connected space forms can be rescaled to the following 3 kinds, 1.
K ≡ 1, sphere Sn; 2. K ≡ 0, Euclidean space Rn; 3. K ≡ −1,
Hyperbolic space Hn.

We will study the hyperbolic space Hn, n ≥ 2. It is often given by
the following half space model.

Half space model of Hn

Let Rn+ = {(x1, · · · , xn−1, xn);xn > 0, xi ∈ R, i = 1, · · · , n− 1}
be the half Euclidean space. We define the metric
gHn = 1

x2n
(dx2

1 + · · ·+ dx2
n).
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The calculation of the curvature of Hn.

We calculate the curvature of gij =
δij
F 2 , where F > 0 is a smooth

function. We write gij = F 2δij as the inverse matrix of gij . Let

f = logF . We denote fj = ∂f
∂xj

. We have

∂gik
∂xj

= −δik
2

F 3
Fj = −2

δik
F 2

fj ,

Γkij =
1

2

∑
m

gkm{ ∂
∂xi

gjm +
∂

∂xj
gmi −

∂

∂xm
gij}

=
1

2
F 2(

∂gjk
∂xi

+
∂gik
∂xj

− ∂gij
∂xk

) = −δjkfi − δkifj + δijfk.

So Γkij = 0, if all three indices are distinct, and if i 6= j,

Γiij = −fj ,Γjii = fj ,Γ
j
ij = −fi,Γiii = −fi.
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So we have

Rijij =
1

F 2
(ΓliiΓ

j
jl − ΓljiΓ

j
il +

∂

∂xj
Γjii −

∂

∂xi
Γjji).

Since ∂
∂xj

Γjii = fjj and ∂
∂xi

Γjji = −fii, we have

F 2Rijij = −
∑

l 6=i,l 6=j
f2
l + f2

i − f2
j − f2

i + f2
j + fjj + fii

= −
∑
l

f2
l + f2

i + f2
j + fii + fjj .

And Rijkl = 0 if all four indices are distinct and if i, j, k are
distinct, we have

Rijki = −F−2(fkfj + fkj), Rijkj = F−2(fifk + fki), Rijkk = 0.
(1)
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K(∂i ∧ ∂j) =
Rijij
giigjj

= RijijF
4

= (−
∑
l

f2
l + f2

i + f2
j + fii + fjj)F

2.

When F 2 = x2
n, and f = log xn, if i, j 6= n, then

Kij = − 1

x2
n

x2
n = −1;

If i = n, j 6= n, then

Knj = (−f2
n + f2

n + fnn)F 2 = − 1

x2
n

x2
n = −1.

From (1), we know Rijki = Rijkj = Rijkl = 0 and

Rijkl = −(δikδjl − δilδjk).
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Connections of conformal metrics

Suppose (M, g,∇) is a Riemannian manifold with Levi Civita
connection ∇. If ḡ = µg is a conformal metric and ∇̄ is the Levi
Civita connection for ḡ, then

∇̄XY = ∇XY + S(X,Y ),

where S(X,Y ) = 1
2µ{(Xµ)Y + (Y µ)X − g(X,Y )∇µ}, where ∇µ

is the gradient of µ.
It is easy to check ∇̄ is an affine connection and is torsion free.

X(ḡ(Y, Z))

=X(µg(Y,Z)) = X(µ)g(Y, Z) + µg(∇XY, Z) + µg(Y,∇XZ)

=X(µ)g(Y,Z) + µg(∇̄XY − S(X,Y ), Z) + µg(Y, ∇̄XZ − S(X,Z))

=ḡ(∇̄XY,Z) + ḡ(Y, ∇̄XZ).
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Umbilic hypersurfaces of the hyperbolic space

Let (Mn+1, g,∇) be a manifold and f : Nn →Mn+1 be an
immersion. We say it is (totally) umbilic if for all p ∈ N , the
second fundamental form A at p ∈ N satisfies
A(X,Y ) = λ(p)g(X,Y ) with respect chosen unit normal vector η
at p.
If ḡ = µg, then we show an umbilic immersion in (Mn+1, g)
continues to be umbilic in the metric ḡ. This is because if
< ∇Xη, Y >g= −λ < X, Y >g, then

< ∇̄X(
η
√
µ

), Y >ḡ = µ < ∇X(
η
√
µ

), Y >g +µ < S(X,
η
√
µ

), Y >g

=
−2λµ+ η(µ)

2µ
√
µ

< X, Y >ḡ .
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This is because

µ < ∇X(
η
√
µ

), Y >g =
√
µ < ∇Xη, Y >g

= −λ√µ < X, Y >g

= − λ
√
µ
< X, Y >ḡ;

and

µ < S(X,
η
√
µ

), Y >g =
1

2
(< X(µ)

η
√
µ

+
η(µ)
√
µ
X − g(X,

η
√
µ

), Y >g)

=
1

2

η(µ)
√
µ
< X, Y >g=

1

2

η(µ)

µ
3
2

< X,Y >ḡ .
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Classifications of umbilic hypersurfaces of hyperbolic space

So a hypersuface in Hn is totally umbilic if and only if it is totally
umbilic in Rn, those are planes or spheres, which can be classified
as follows.

Geodesic spheres;

Horospheres: A horosphere is an isometric embedding of flat
Rn−1 in Hn, which is complete noncompact, the proof is left
to the next section;

Hyperspheres.
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Conformal map

Suppose f : (M, g)→ (N,h) is an immersion such that
h(df(X), df(Y )) = µg(X,Y ), then we call f a conformal map and
µ is called the conformal factor. An injective conformal map from
a domain of M to M is called a conformal transformation.

The isometries of Hn are closely related to the conformal
transformations of Rn.
If n = 2, a conformal transformation defined on D ⊂ R2 is given
by a holomorphic or anti-holomorphic functions with non-zero
derivative. The Riemann mapping theorem guarantees that given
two simply connected proper open sets in R2, there is a conformal
map taking one into the other.
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For Rn, n > 2, there are “much less” conformal transformations
defined on a domain of Rn. Actually if f : D → Rn is a conformal
map defined on D ⊂ Rn, f have to be the restriction to D of three
global defined conformal transformations.

1 Isometry of Rn (y = Ax+ b, A ∈ O(n)) is a conformal
transformation of Rn with conformal factor µ ≡ 1;

2 f(p) = λId(p), where Id is the identity and λ > 0, is call a
dilatation;

3 f(p) = p−p0
|p−p0|2 + p0, p ∈ Rn\{p0} is the inversion with respect

to the unit sphere centered at p0 ∈ Rn. The image of a
sphere is either a sphere or a hyperplane. The image of a
circle is either a circle or a line.
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To see f is conformal, observe that, if v is a vector at p,

dfp(v) =
v|p− p0|2 − 2 < v, p− p0 > (p− p0)

|p− p0|4
,

where we use <,> to denote the Euclidean metric and

|dfp(v)|2 =
< v, v >

|p− p0|4
+

(4 < v, p− p0 >
2 −4 < v, p− p0 >

2)|p− p0|2

|p− p0|8

=
< v, v >

|p− p0|4
.
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Theorem (Liouville)

Let f : U → Rn, n ≥ 3, be a conformal map defined on a domian
U ⊂ Rn. Then f is the restriction to U of a composition of
isometries, dilatations and inversions, at most one of each.

Proof. Let (x1, · · · , xn) be the cartesian coordinate of Rn and
ai = ∂

∂xi
. Let {ei} be parallel differentiable vector fields on U and

< ei, ej >= δij . We assume

< df(ei), df(ek) >= λ2δik, i, k = 1, · · · , n. (2)

Let d2f be the second differential of f , such that

d2f(ai, aj) = ∂2f
∂xi∂xj

. Taking the indices i, j, k distinct and from

(2) we have

< d2f(ei, ej), df(ek) > + < df(ei), d
2f(ek, ej) >= 0,
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Then by permutation, we have

< d2f(ej , ek), df(ei) > + < df(ej), d
2f(ei, ek) > = 0,

< d2f(ek, ei), df(ej) > + < df(ek), d
2f(ej , ei) > = 0.

Summing the first two and subtracting the third, we have

< d2f(ek, ej), df(ei) >= 0, i, j, k distinct.

Fixing k, j and let i vary in the remaining (n− 2) indices, we know

d2f(ek, ej) = µdf(ek) + νdf(ej).

Since < df(ek), df(ek) >=< df(ej), df(ej) >= λ2,

µ =
< d2f(ek, ej), df(ek) >

λ2
=
ej(λ

2)

λ2
=
dλ(ej)

λ
, ν =

dλ(ek)

λ
.

Then d2f(ek, ej) = 1
λ(df(ek)dλ(ej) + df(ej)dλ(ek)).
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Let ρ = 1
λ .

d(ρf) = fdρ+ ρdf ;

d2(ρf)(ek, ej) = d2ρ(ek, ej)f + ρd2f(ek, ej) + dρ(ek)df(ej)

+ dρ(ej)df(ek) = d2ρ(ek, ej)f +
1

λ
d2f(ek, ej)

− 1

λ2
{dλ(ek)df(ej) + dλ(ej)df(ek)} = d2ρ(ek, ej)f.

We claim that d2ρ(ek, ej) = 0 for k 6= j. We calculate d3(ρf).

d3(ρf)(ek, ej , ei) = d3ρ(ek, ej , ei)f + d2ρ(ek, ej)df(ei).

So we know d2ρ(ek, ej)df(ei) are symmetric in i, j, k. So we know

d2ρ(ek, ej)df(ei) = d2ρ(ek, ei)df(ej).

Since df(ei) and df(ej) are linearly independent and i, j, k can be
chosen distinct and arbitrarily, then d2ρ(ek, ej) = 0 for all j 6= k.
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Actually d2ρ(ek, ej) = 0, k 6= j hold for any orthomormal basis .
So we know

0 = d2ρ(
ej + ek√

2
,
ej − ek√

2
) =

1

2
(d2ρ(ej , ej)− d2ρ(ek, ek)),

which implies d2ρ(ej , ej) = d2ρ(ek, ek) for all j 6= k. So

d2ρ(ej , ek) = σδjk.

So we have
dσ(ej) = ejekekρ = ekejekρ = 0,

so σ ≡ const.
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If σ = const 6= 0 then

ρ =
σ

2

∑
x2
i + σ

∑
bixi + c, bi, c constants.

To prove this we let ρ1 = σ
2

∑
x2
i , then

∂2(ρ−ρ1)
∂xi∂xj

= 0, ∀i, j = 1, · · ·n. So

∂(ρ− ρ1)

∂xi
= σbi.

Now
∂(ρ− ρ1 − σ

∑
j bjxj)

∂xi
= 0.

So
ρ =

σ

2

∑
x2
i + σ

∑
i

bixi + c.
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So

1

λ
= ρ = a1|p− p0|2 + k1, a1 =

σ

2
, k1 ≡ const, p0 ∈ Rn.

Then proof will be complete, for the case σ 6= 0, if we show k1 = 0.
This is because, considering the inversion g : U → Rn :

g(p) =
p− p0

|p− p0|2
+ p0,

and let h = g ◦ f−1, we know h is a conformal transformation
whose conformal factor is a1|p− p0|2 1

|p−p0|2 = a1. Then the

conformal factor of a−1
1 h is 1. So we can choose a global isometry

h1 : Rn → Rn such that

h1(p) = a−1
1 h(p), dh1(p) = d(a−1

1 h)(p).

Then a−1
1 h ≡ h1 due to the following lemma.
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Lemma

Let fi : M → N, i = 1, 2 be two local isometries of the connected
Riemannian manifold M to the Riemannian manifold N . Suppose
that there exists p ∈M such that f1(p) = f2(p) and
df1(p) = df2(p). Then f1 = f2.

Now we will prove k1 = 0. Observe that applying to f−1 the above
argument, we obtain λ = a2|f(p)− q0|2 + k2 or
λ = A2(f(p)) + k2. We only prove the first case

(a1|p− p0|2 + k1)(a2|f(p)− q0|2 + k2) = 1. (3)
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So a sphere of center p0 is mapped by f into a sphere of center q0.
Since f preserves the angles, the radii of the first sphere are
mapped into radii of the second. Let p(s), 0 ≤ s ≤ s0 be a
segment of a radius of the first sphere contained in U , where s is
the arc length, and let f ◦ p(s) be its image.
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Then length of the image segment is given by∫ s0

0
|df(

dp

ds
)|ds =

∫ s0

0

ds

a1|p(s)− p0|2 + k1
= |f(p(s0))− f(p(0))|.

If k1 6= 0, |f(p(s0))− f(p(0))| is a transcendental function of
|p(s0)− p| which is a contradiction with (3). So k1 = 0.
It remains to consider the case σ = 0. Then

ρ =
1

λ
=

∑
aixi + c1 = A1(x) + c1.

Similarly applying the initial argument to f−1, we have

(A1(x) + c1)(a2|f(x)− q0|2 + k2) = 1,

or (A1(x) + c1)(A2(f(x)) + c2) = 1.
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Since

|f(p(s0))− f(p(0))| =
∫ s0

0

ds

A1(p(s)) + c1
,

is always a transcedental function, no matter c1 = 0 or not, we
know A1(x) ≡ 0.
So if σ = 0, λ = const. In this case, the lengths of tangent vectors
are multiplied by a constant λ and it’s easy to verify f is an
isometry followed by a dilatation. Then we proved the Liouville’s
theorem.
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In the end of this section, we study the isometry group of Hn.

Theorem

For n ≥ 2, the isometries of Hn are the restrictions to Hn ⊂ Rn of
the conformal transformations of Rn that take Hn onto itself.
(onto means surjective.)

Proof. First we assume n ≥ 3. Let f : Hn → Hn be an isometry in
gij . Then by Liouville’s theorem, f extends to a conformal map of
Rn with metric δij . It is obvious that f is surjective.
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Conversely, let f : Hn ⊂ Rn → Hn be a conformal transformation
of Hn onto Hn and let e1, · · · , en be an orhtonormal basis, in the
metric gij , at a point p ∈ Hn. Since gij = x−2

n δij and f is
conformal, there is λ2 > 0 such that g(dfp(ei), dfp(ej)) = λ2δij .

Therefore {dfp(ei)
λ } is orthonormal at f(p), and by the following

theorem which is a consequence Cartan’s theorem, there is an
isometry g of Hn taking p to f(p), with dg(ei) = df(ei)

λ .

Theorem

Let M be a space of constant curvature let p, q ∈M . Let {ei} and
{fj} be arbitrary orthonormal basis of Tp(M) and Tq(M),
respectively. There there are neighborhoods U of p and V of q,
and an isometry g : U → V such that dgp(ej) = fj . In particular,
if both expp and expq are defined in whole TpM and TqM and
both are diffeomorphism, then g is a global isometry.
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So h = g−1 ◦ f is the restriction to Hn of a conformal mapping of
Rn which takes Hn onto Hn, leaving p fixed and satisfying
dhp = λI. We will end the proof by showing h = I.
To see this, let P be a hyperplane passing through p. From
Liouville’s theorem, h(P ) is a hypersplane or a sphere passing
through p. Because dhp is a multiple of the identity, P and h(P )
are tangent at P . Because h takes the boundary ∂Hn of Hn into
itself, and h is conformal, the angle of P with ∂Hn is the same as
angle of h(P ) with ∂Hn.
We claim that h(P ) = P . To see this, consider a straight line r1

passing through p and orthogonal to ∂Hn, and let q1 = r1 ∩ ∂Hn.
Since the image h(r1) of r1 is a circle or a line, and makes the
same angle with ∂Hn that r1 does, it is clear that h(r1) = r1 and
h(q1) = q1. This shows that if P is perpendicular to ∂Hn, then
h(P ) = P.
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If P is not orthogonal to ∂Hn, let r be a line contained in P .
Again, h(r) is a circle or a line. If h(r) is a circle, making the same
angle α with ∂Hn that r does, then q1 ∈ h(r), which contradicts
with the fact that h(q1) = q1. So h(r) is a line, h(r) = r. So
h(P ) = P.
So h cannot include an inversion (since the image of most planes
would be a spheres) or an isometry distinct from identity. From
Liouville’s theorem, h = aA(x− p) + p,A ∈ O(n). So A = I and
a = 1, since it takes Hn onto itself.
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For n = 2 case, the conformal transformation which maps R2
+ onto

R2
+ is of the following form

f(z) =
az + b

cz + d
, z ∈ H2 ⊂ C, a, b, c, d ∈ R, ad− bc = 1.

Due to easy calculation, we know it is isometry of H2 . Moreover,
it is not difficult to show that for a fixed point p0 ∈ H2 and unit
vector v0 ∈ Tp0H2, there exists a transformation f of the above
form which takes any arbitrary p and unit vector v ∈ TpH2 to
(p0, v0). (Note that (p, v) are determined by 3 parameters and
(a, b, c, d) are essentially 3 parameters since ad− bc = 1 ). Since
there is a unique isometry of H2 which takes (p, v) to (p0, v0), we
know all isometries of H2 are of the above form.
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Now we prove that

Theorem

A horosphere in Hn is an isometric embedding of flat Rn−1 in Hn,
which is complete and noncompact.

Proof. If a horosphere has equation xn = c0. The metric on it is
1
c20

(dx2
1 + · · ·+ dx2

n−1). Clearly it is Euclidean metric on flat Rn−1,

upto scaling. It is obviously isometric embedding of Rn−1 in Hn. If
a horosphere Hp0 is tangential to xn = 0 at point p0 ∈ ∂Rn+ , then
we can use a inversion p−p0

|p−p0|2 to map it to the form xn = c0.

Since such an inversion is an isometry of Hn−1, we see Hp0 is also
an isometric embedding of flat Rn−1 .
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We have studied some hypersurfaces in Hn. Especially we know a
horosphere is an embedding of flat Rn−1 in Hn. So it is complete
noncompact, with sectional curvature 0 everywhere. We want to
study some other examples of: complete noncompact hypersurface
in Hn, which has Sec ≥ 0.
First, we study the geodesics of Hn.

Theorem

The geodesics of Hn (half space model) are either straight rays
which are orthogonal to ∂Hn or half circles which are orthogonal
to ∂Hn at two ends.
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Proof.
A straight ray which is orthogonal to ∂Hn is given by
γ(t) = (x0

1, · · · , x0
n−1, e

t), t ∈ (−∞,+∞). Note that
gHn(γ̇(t), γ̇(t)) = 1. We will prove that γ(t), t1 ≤ t ≤ t2 has least
length among {c(t); c(ti) = γ(ti), i = 1, 2, c(t) ⊂ Hn}.
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We write c(t) = (x1(t), · · · , xn(t)), then

l(c(t)) =

∫ t2

t1

√
g(ċ(t), ċ(t))dt ≥

∫ t2

t1

1

x2
n(t)

√
ẋ1(t)2 + · · ·+ ẋn(t)2dt

≥
∫ t2

t1

ẋn(t)

xn
dt =

∫ et2

et1

1

xn
dxn = t2 − t1 = l(γ(t)).

Any half circle which is orthogonal to ∂Hn at its two ends can be
mapped to a straight ray orthogonal to ∂Hn by an isometry of Hn.
In the end, for any p ∈ Hn and v ∈ TpHn, from basic geometry, we
know there is a geodesic of the above type passing p with velocity
v. Then any geodesic of Hn is of the above type from the
uniqueness of the geodesic.

Shiguang Ma Hypersurfaces in hyperbolic space



Riemannian geometry and hyperbolic space
The isometries of Hn and Liouville theorem

Nonnegatively curved hypersurfaces in hyperbolic space
Taliaferro’s PDE theory

AdS-CFT correspondence
The proof of Alexander and Currier’s conjecture

Shiguang Ma Hypersurfaces in hyperbolic space



Riemannian geometry and hyperbolic space
The isometries of Hn and Liouville theorem

Nonnegatively curved hypersurfaces in hyperbolic space
Taliaferro’s PDE theory

AdS-CFT correspondence
The proof of Alexander and Currier’s conjecture

Equidistant hypersurface ( with respect to a given geodesic)

An equidistant hypersurface is a hypersurface which has
everywhere the same distance to a given geodesic.

Theorem

For a given geodesic and a given distant r > 0, there is always
such a hypersurface, which is complete, noncompact, embedded
and nonnegatively curved. It is the isometric embedding of
R× 1

αS
n−2 in Hn.
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To prove the theorem, we assume the geodesic is
γ(t) = (x0

1, · · · , x0
n−1, e

t), t ∈ (−∞,+∞). Otherwise, we can use
an isometry of Hn to map the geodesic to such a geodesic.
Then given r, the equidistant hypersurface is given by

xn = α
√

(x1 − x0
1)2 + · · ·+ (xn−1 − x0

n−1)2

and α = (sinh r)−1.
Now we prove that it is an embedded infinite cylinder. We let

et = s =
√

(x1 − x0
1)2 + · · ·+ (xn−1 − x0

n−1)2.
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Then on equidistant hypersurface

1

x2
n

(dx2
1 + · · ·+ dx2

n−1 + dx2
n) =

1

α2s2
(ds2 + s2gSn−2 + α2ds2)

=
1

α2
((1 + α2)dt2 + gSn−2).

Obviously, it is an embedding of R× 1
αS

n−2, which has
nonnegative sectional curvature. Now we end the proof.
We notice that when the equidistant surface in H3, has topology
R× S1, which has nontrivial covering space R2. So it can be
regarded as the isometric immersion of R2 in H3. However, if the
equidistant hypersurface in Hn, n ≥ 4, has topology R× Sn−2,
which is simply connected.
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We know xn = const is a horosphere, and

xn = α
√
x2

1 + · · ·+ x2
n−1 is an equidistant hypersurface. There

are also global graphs with Sec ≥ 0 which lie in between at infinity.
Refer to Alexander and Currier’s paper for the expression of such
surfaces.
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Based on the above examples, we can state the following theorem
of Alexander and Currier.

Theorem(Alexander and Currier)

Let M be a nonnegatively curved, complete noncompact
hypersurface of dimension n− 1, n ≥ 3, properly embedded in Hn.
Then it is of the 3 kinds below. 1. Horosphere; 2. Equidistant
hypersurface; 3. A hypersurface which is asymptotical to an
equidistant hypersurface, or “weakly asymptotical” to a rotation
hypersurface which support every horosphere and supported by any
equidistant hypersurface at infinity.

Here “properly embedded” means the preimage of a compact set is
compact.
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Conjecture(Alexander and Currier)

Except for covering maps of equidistant surfaces in H3, a
complete, nonnegatively curved immersed hypersurface in
hyperbolic space is necessarily properly embedded.

This conjecture is proved by V.Bonini, S.Ma and J.Qing. Now we
briefly revise the “convex hypersurface problem” in Rn and Hn.
For a hypersurface of Rn, at a point p, the following convexity
conditions are equivalent. 1. The second fundamental form is
semi-definite; (⇐⇒ all principal curvature ki has same sign) 2.
The hypersurface has nonnegative sectional curvature at p(⇐⇒
kikj ≥ 0,∀i 6= j. ); 3. The hypersurface has nonnegative Ricci
curvature at p ((⇐⇒ ki(

∑
j 6=i kj) ≥ 0,∀i 6= j. )).
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Immersion implies embedding type theorem in Rn

Hadamard: A compact, strictly positively curved (K > 0)
surface immersed in Euclidean space R3 is embedded as the
boundary of a convex body.

Stoker, Chern and Lashof, van Heijenoort extended
Hadamard’s theorem.

Sacksteder made a most general extension to Hadamard’s
theorem: a complete, nonflat, nonnegatively curved (Sec ≥ 0)
immersed hypersurface (with dim ≥ 2) in Euclidean space is
the boundary of a convex body.
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For a hypersurface Σ in Hn, we can impose several “convexity”
conditions. At a point p, the following conditions become stronger
and stronger. 1. ki ≥ 0 with respect to a given unit normal; 2.
Ric ≥ 0 at p; 3. Sec ≥ 0 at p; 4. ki ≥ 1 (infinitesemal supported
by horosphere) .

Shiguang Ma Hypersurfaces in hyperbolic space



Riemannian geometry and hyperbolic space
The isometries of Hn and Liouville theorem

Nonnegatively curved hypersurfaces in hyperbolic space
Taliaferro’s PDE theory

AdS-CFT correspondence
The proof of Alexander and Currier’s conjecture

Immersion implies embedding type theorem in Hn

do Carmo and Warner: An isometric immersion in Hn of
compact, connected orientable manifold with sec ≥ −1
(consequence of ki ≥ 0) is a boundary of a convex body of
Hn, hence is embedded;

For noncompact case, even with ki > 0, a complete, immersed
hypersurafce in Hn need not be embedded;

Currier: a complete, immersed hypersurface in Hn with ki ≥ 1
is embedded. (Notice that equidistant hypersurface does not
satisfies this assumption);

Epstein: a complete, noncompact, immered surafce in H3, if
ki > 0 and the “boundary at infinity” consists of single point,
is then embedded.
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Question

Suppose

−∆u(x) = f(x) ≥ 0, u(x) ≥ 0, f(x) ∈ L1(B1(0)), x ∈ B1(0)\{0} ⊂ R2.

Let ū(r) = 1
2πr

∫
∂Br

u(x)dS. We have ū(r)

log 1
r

→ m ≥ 0, r → 0+ . Is

it true that u(x)

log 1
|x|
→ m?

The answer is no, since we have the example below. However, if we
remove a set which is “thin” at 0, it is true. (Arsove and Huber)
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To prove the conjecture of Alexander and Currier, one of the
preparations we need is the following theorem of Taliaferro.

Theorem(Taliaferro)

Let u(x) be a C2 positive solution to

0 ≤ −∆u(x) ≤ e2u(x), x ∈ B1(0)\{0} ⊂ R2

Then either u has C1 extension to the origin or

lim
r→0+

u(x)

log 1
|x|

= m

for some finite positive number m.
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To prove the above theorem, we need several lemmas.

Lemma

Suppose v is harmonic in B1(0)\{0} and∫
|x|<ε

|v(x)|dx = o(ε), as ε→ 0+. (4)

Then there is some β such that v(x)− β log 1
|x| has harmonic

extension to B1(0).

Proof. We let

v̄(r) =
1

2π

∫ 2π

0
v(r cos θ, r sin θ)dθ

Since v is harmonic in B1(0), v̄(r) is also harmonic. So
v̄′′ + 1

r v̄
′ = 0. The solution is v̄(r) = β log 1

r + b.
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Let γ : R→ [0, 1] be a C∞ decreasing function such that γ(s) = 1
for s ≤ 1

2 and γ(s) = 0 for s ≥ 1. For ε > 0, define

ψε(x) = γ(|x|/ε). Let φ ∈ C∞0 (B1(0)) and φ̂ = φ(x)− φ(0).
Then for small ε > 0,∫

(v − β log
1

|x|
− b)∆φ =

∫
(v − β log

1

|x|
− b)[∆(φψε) + ∆(φ(1− ψε))]

=

∫
(v − β log

1

|x|
− b)∆(φψε)

= I1(ε) + φ(0)I2(ε),

where

I1(ε) =

∫
(v − β log

1

|x|
− b)∆(φ̂ψε),

I2(ε) =

∫
(v − β log

1

|x|
− b)∆ψε.
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From (4) and sup|x|<ε |∆(φ̂ψε)| = O(1/ε) , so I1(ε)→ 0 as
ε→ 0+. Also, since ψε is radial, so I2(ε) ≡ 0. So letting ε→ 0+,
we complete the proof.

Theorem 1 (Taliaferro)

Let u(x) ≥ 0 be a C2 solution to ∆u+ f(x) = 0 in B1(0)\{0}
and f : B1(0)\{0} → [0,∞) is a continuous function. Then
f, u ∈ L1(B 1

2
(0)) and for some m ≥ 0 and some harmonic

function uh : B 1
2
(0)→ R we have

u(x) = us(x) + uα(x) + uh(x), x ∈ B 1
2
(0)\{0},

where us(x) = m log 1
|x| and uα(x) = 1

2π

∫
|y|< 1

2
log 1

|x−y|f(y)dy.
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Proof. Averaging u on ∂Br, we get ū(r), which satisfies

rū′(r) =
1

2
ū′(

1

2
) +

1

2π

∫
r<|x|< 1

2

f(x)dx for 0 < r ≤ 1

2
.

Thus f ∈ L1(B 1
2
(0)), otherwise there is some r0 such that when

0 < r ≤ r0, rū′(r) ≥ 1. Then ū′(r) ≥ 1
r , which implies

ū(r)→ −∞ as r → 0+. Then we assume

lim
r→0+

(
1

2
ū′(

1

2
) +

1

2π

∫
r<|x|< 1

2

f(x)dx) = −m ≤ 0.

Then rū′(r) = −m+ o(1) and ū(r)

log 1
r

= m+ o(1), which implies∫
|x|<ε

udx = O(ε2 log
1

ε
), as ε→ 0+

which implies u ∈ L1(Br1(0)).
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Now we define uα : R2 → R by

uα(x) =
1

2π

∫
|y|< 1

2

log
1

|x− y|
f(y)dy.

Then uα ∈ C1(R2\{0}) ∩ L1(Br1(0)) and

−∆uα = f in D ′(Br1(0)).

Also, using the

1

2πr

∫
|x|=r

log |x− x0|dS = g(x0) =

{
log |x0|, |x0| > r

log r, |x0| ≤ r

it is straightforward to show the average of uα on |x| = r,
ūα(r) = o(log 1

r ) as r → 0+.
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This is because for fixed M large, we can choose r small such that

ūα(r) =
1

2πr

∫
|x|=r

uα(x)dS

=
1

2π

∫
|y|< 1

2

f(y)dy · 1

2πr

∫
|x|=r

log
1

|x− y|
dx

= − 1

2π

∫
|y|< 1

2

f(y)g(y)dy

= − 1

2π

∫
|y|<r

f(y)(log r)dy − 1

2π

∫
B
r

1
M
\Br

f(y) log |y|dy

− 1

2π

∫
B 1

2
\B

r
1
M

f(y) log |y|dy

= o(log r) +
1

M
O(log r).
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So∫
|x|<ε

|u−uα|dx ≤
∫
|x|<ε

udx+

∫
|x|<ε

uαdx = O(ε2 log
1

ε
), as ε→ 0+.

So, by the lemma before, we have u− uα − β log 1
|x| = uh in

Br1(0)\{0} some some constant β and some harmonic function
uh. It is easy to check β = m. Then we finish the proof of
Theorem 1.

Theorem 2 (Taliaferro)

Let u(x) be a C2 positive solution of 0 ≤ −∆u ≤ e2u in
B1(0)\{0} ⊂ R2. Then u(x) = O(log 1

|x|) as |x| → 0+.
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1

ε
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|x| = uh in

Br1(0)\{0} some some constant β and some harmonic function
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Proof. From Theorem 1 of Taliferro, we know

u(x) = m log
1

|x|
+ uα(x) + uh(x), x ∈ B 1

2
(0)

where uh is harmonic and

uα(x) =
1

2π

∫
|y|< 1

2

log
1

|x− y|
(−∆u(y))dy.

Now, for contradiction, there exists a sequence
{xk}∞k=1 ⊂ B 1

2
(0)\{0} such that |xk| → 0 as k →∞, and

lim
k→∞

u(xk)

log 1
|xk|

=∞.
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For |x− xk| < |xk|
4 ,∫

|y−xk|>|xk|/2
log

1

|x− y|
(−∆u(y))dy ≤ (log

4

|xk|
)

∫
Ω
−∆u(y)dy

then

u(x) ≤ C log
1

|xk|
+

1

2π

∫
|y−xk|<

|xk|
2

log
1

|x− y|
(−∆u(y))dy (5)

for |x− xk| < |xk|
4 , where C > 0 does not depend on k or x. Then

we must have
1

log 1
|xk|

∫
|y−xk|<

|xk|
2

log
1

|xk − y|
(−∆u(y))dy →∞, as k →∞.

(6)
Since −∆u ∈ L1, we have∫

|y−xk|<
|xk|
2

−∆u(y)dy → 0 as k →∞. (7)
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For each integer k > 0, define fk : B2 → [0,∞) by
fk = −r2

k∆u(xk + rkξ), where rk = |xk|/4.
Letting y = xk + rkζ, from (5)(6)(7), and −∆u ≤ e2u, we have∫

B2

fk(ζ)dζ → 0, as k →∞, (8)

1

Mk

∫
B2

(log
4

|ζ|
)fk(ζ)dζ →∞, as k →∞, (9)

fk(ξ) ≤ exp(2Mk +
1

π

∫
B2

(log
4

|ξ − ζ|
))fk(ζ)dζ) for ξ ∈ B1,

(10)

where Mk = C log 1
|xk| and C is a positive constant that does not

depend on k or ξ.
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Let Ωk = {ξ ∈ B1 : uk(ξ) > Mk}, where

uk(ξ) =
1

2π

∫
B2

log
4

|ξ − ζ|
fk(ζ)dζ.

Then letting pk = π/2
∫
B2
fk(ζ)dζ, it follows from (10) that∫

Ωk

fk(ξ)
pkdξ

≤
∫
B2

e4pkuk(ξ)dξ

≤
∫
B2

exp(4pk
‖fk(ζ)‖L1(B2)

2π

∫
B2

log
4

|ξ − ζ|
fk(ζ)

‖fk(ζ)‖L1(B2)
dζ)dξ

≤
∫
B2

∫
B2

4

|ξ − ζ|
fk(ζ)

‖fk(ζ)‖L1(B2)
dζdξ

≤16π.
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Thus by (8) and Holder’s inequality we have

lim sup
k→∞

∫
Ωk

log
4

|ζ|
fk(ζ)dζ <∞.

We define gk : B1 → [0,∞) by

gk(ξ) =

{
fk(ξ), ξ ∈ B1\Ωk

0, ξ ∈ Ωk

then from (9)(8) we see

1

Mk

∫
B1

(log
4

|ζ|
)gk(ζ)dζ →∞, as k →∞. (11)

By (9)(10), we have∫
B1

gk(ζ)dζ → 0, as k →∞. (12)
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And
gk(ξ) ≤ e4Mk (13)

in B1.
For fixed k, think of gk(ζ) as the density of a distribution of mass
in B1 satisfying (11)(12)(13). By moving small pieces of the mass
closer to 0 in a way that the new density does not violate (13), the
total mass

∫
B1
gk(ζ)dζ will not change but 1

Mk

∫
B1

(log 4
|ζ|)gk(ζ)dζ

will increase. Thus for some ρk ∈ (0, 1) the functions

gk(ζ) =

{
e4Mk , |ζ| < ρk

0, ρk < |ζ| < 1

satisfying (11)(12)(13), which is impossible because Mk →∞ as
k →∞. This contradiction proves the theorem.
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At last, we will prove the theorem of Taliaferro mention at the
beginning of this section. From Theorem 2 of Taliaferro, we know
u(x) = O(log 1

2|x|), then

0 ≤ −∆u(x) ≤ 1

(2|x|)C
, x ∈ B 1

2
(0)\{0}. (14)

Lemma (Taliaferro)

uα =
1

2π

∫
B 1

2
(0)

log
1

|x− y|
(−∆u(y))dy = o(log

1

|x|
), as |x| → 0+.

Proof. Let ε > 0 and M = 2
ε

∫
B 1

2

−∆u(y)dy + 1. Fix |x| small and

positive we have uα(x) = 1
2π (I(x) + J(x)).
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Here

I(x) : =

∫
|y−x|> |x|

2

(log
1

|x− y|
)(−∆u(y))dy

=

∫
|x|/2<|y−x|<|x|1/M

(log
1

|x− y|
)(−∆u(y))dy

+

∫
|y−x|>|x|1/M

log
1

|x− y|
(−∆u(y))dy

≤ (log
2

|x|
)

∫
|y−x|<|x|1/M

−∆u(y)dy +
1

M
(log

1

|x|
)

∫
B 1

2

−∆u(y)dy

≤ ε log
1

|x|
,

and where J(x) :=
∫
|y−x|<|x|/2 log 1

|x−y|(−∆u(y))dy.
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From (14), we know

0 ≤ −∆u ≤ 1

|x|C
, x, y ∈ B 1

2
\{0} and |y − x| < |x|

2
. (15)

Let r(x)2 = (1/π)E(x)|x|C , where

E(x) :=

∫
|y−x|< |x|

2

−∆u(y)dy → 0 as x→ 0.

Since ∫
|y−x|<r(x)

dy

|x|C
=
πr(x)2

|x|C
=

∫
|y−x|<|x|/2

−∆u(y)dy,

it follows from (15) that
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J(x) ≤ 1

|x|C

∫
|y−x|<r(x)

(log
1

|x− y|
)dy

=
1

|x|C

∫
|ζ|<r(x)

log
1

|ζ|
dζ =

2π

|x|C
(
r(x)2

2
log

1

r(x)
+
r(x)2

2
)

= O(E(x) log
1

E(x)|x|C
) = o(log

1

|x|
), as |x| → 0+.

Then we proved the lemma.
By the above lemma, Taliaferro’s theorem is true when m > 0.
When m = 0, we see −∆u(x) = O(|x|−

1
2 ). Thus uα and hence u

is bounded in B 1
2
. It follows that −∆u is bounded in Ω. Therefore

N and hence u has C1 extension to 0. We completes the proof of
Taliaferro’s theorem.
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Ball model of hyperbolic space

Let Bn+1 be the unit ball of Rn+1. Using the coordinate
(x1, · · · , xn+1), we introduce the following conformal metric gBn+1

on Bn+1.

gBn+1 =
4

(1−
∑n+1

i=1 x
2
i )

2
(dx2

1 + · · ·+ dx2
n+1).

We prove that (Bn+1, gBn+1) is isometric to (Hn+1, gHn+1). For
this, letting p0 = (0, · · · , 0,−1) we define

f : Bn+1 → Rn+1
+

p 7→ 2(p− p0)

|p− p0|2
+ p0,

it is straightforward to check the map is diffeomorphism.
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Due to easy calculations, if v = (v1, · · · , vn+1) ∈ TpBn+1, we let

gRn+1(dfp(v), dfp(v)) =
4

|p− p0|4
n+1∑
i=1

v2
i .

Notice that fn+1(p) = 2(xn+1(p)+1)
|p−p0|2 − 1 = 1−|p|2

|p−p0|2 (this is because

2xn+1 + 2− (x2
1 + · · ·+x2

n+ (xn+1 + 1)2) = 1− (x2
1 + · · ·+x2

n+1)).
Therefore

gRn+1(dfp(v), dfp(v))

fn+1(p)2
=

4

(1− |p|2)2

n+1∑
i=1

v2
i = gBn+1(v, v).

So (Bn+1, gBn+1) gives another model for Hn+1.
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Definition

If φ : M → Bn+1 is an immersion, we define the asymptotical
boundary at infinity ∂∞M as
{p ∈ ∂Bn+1; p is a limit point of φ(M)}.
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Now we will work with Bn+1. Similarly we can prove

Theorem

The isometry group of Bn+1 (regarded as the unit ball of Rn+1)
consists of the restrictions of conformal maps of Rn+1 which map
Bn+1 onto itself.

Now we can prove

Theorem

For n ≥ 2, the isometry group of Hn+1 ' Bn+1 is isomorphic to
the conformal transformation group of Sn.

Proof. We identify Sn = ∂Bn+1. Give any ξ ∈ Iso(Bn+1), ξ is a
conformal transformation of Rn+1, which maps Bn+1 onto Bn+1.
Then ξ : Sn → Sn is a conformal diffeomorphism.
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If ξ : Sn → Sn is identity. Then ξ must maps any geodesic of Bn+1

to itself, since the ends are fixed points of ξ. Then we know
ξ : Bn+1 → Bn+1 is identity since any point of Bn+1 is the
intersection of two geodesics.

On the other hand, we prove that a conformal diffeomorphism
ξ : Sn → Sn can be generated by the following two kinds of
elements. Each one can be extended to a conformal
diffeomorphism ξ : Bn+1 → Bn+1.
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For this choose p ∈ Sn and consider stereographic projection
πp : Sn → Rn. The conformal diffeomorphism on Sn has
one-to-one correspondence with the global conformal map on Rn,
which is generated by isometries, dilatations and inversions. These
three kinds can be generated by Tp and Rq.
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From Erlangen program, there is a correspondence between the
Riemannian geometry of Hn+1 and the conformal geometry of Sn.
This is often mentioned as “AdS-CFT correspondence” in
theoretical physics.
In our case, what we are interested in is the submanifold in Hn+1,
we will show how to reduce the problem to a conformal geometry
problem on Sn.

Key idea

A “nice” hypersurface M in Bn+1 = Hn+1 have a conformal
metric gh = e2uG∗gSn on M , which is called “horospherical
metric”. And the principal curvatures of the hypersurfaces
correspond to the eigenvalue of the Schouten tensor of gh.
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Hyperbolic Gauss map

Suppose f : (Mn, gM )→ (Bn+1, gBn+1) is an isometric
immersion. For p ∈M , suppose U is a neighborhood of p in M .
On U we choose a smooth normal vector field η. Suppose
γη(t), t ≥ 0 is a geodesic ray with γη(0) = p and γ′η(0) = η,
suppose γη(+∞) = q ∈ Sn = ∂Bn+1. Then we define the
hyperbolic Gauss map G : Mn → Sn such that G(p) = p.
Notice that the definition of Hyperbolic Gauss map depend on the
choice of the normal vector field. An equivalent definition is that,
for given p and η, there is a unit horosphere Hp which is tangential
to M at p and have η as interior normal vector field, then G(p) is
defined as the infinity of Hp.
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Lorentzian space and hyperboloid

There is a third model for Hn+1, for which we will introduce the
Lorentzian space Ln+2. The Lorentzian space
Ln+2 ' (Rn+2, gLn+2). In the standard coordinate
(x0, x1, · · · , xn), gLn+2 = −dx2

0 + dx2
1 + · · ·+ dx2

n. We define
hyperboloid

Qn+1 = {(x0, · · · , xn+1);x0 > 0,−x2
0 + x2

1 · · ·+ x2
n+1 = −1}.

Although gLn+2 is not a Riemannian metric, its restriction on
Qn+1, gQn+1 is Riemannian. We will prove that (Qn+1, gQn+1) is
isometric to (Bn+1, gBn+1). So it is another model for Hn+1. The
idea of the proof is the following and the details are left to you.
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Maps

Now we will consider Qn+1 ⊂ Ln+2. Denote

N+ = {x;x0 ≥ 0,−x2
0 + x2

1 · · ·+ x2
n+1 = 0};

Sn1 = {x;−x2
0 + x2

1 · · ·+ x2
n+1 = 1}.

Suppose φ : Mn → Qn+1 ⊂ Ln+2 is isometric immersion and
suppose Σn is orientable and η is a global unit normal vector field
of Mn in Qn+1. We may also consider η as a map

η : M → Ln+2

since Ln+2 is a linear space. We define

ψ = φ+ η : Mn → Ln+2.
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Theorem

ψ maps M into light cone N+. So it is called “light cone map”

Proof. The Levi Civita connection of Ln+1 is the same as the
usual derivative of Euclidean space. Given p ∈M , suppose c(t) is
a curve of Qn+1 which satisfies c(0) = φ(p). We know

0 =
d

dt
gLn+2(c(t), c(t))|t=0 = 2gLn+2(ċ(t), φ(p)).

So φ(p) is normal to Qn+1. Since η is tangential to Qn+1, we have
gLn+2(φ(p), η(p)) = 0. So

gLn+2(ψ(p), ψ(p)) = gLn+2(φ(p), φ(p))+gLn+2(η(p), η(p)) = −1+1 = 0.

ψ ∈ N+ since the tangential space of Qn+1 has no intersection
with N−.
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For p ∈M , we choose {ei}ni=1 as an orthonormal frame at p. We
also consider {ei} as an orthonormal frame at φ(p). Then ei ⊥ φ
and ei ⊥ η . We can choose {ei} specially as the principal
direction of M , which means Qn+1∇eiη = kiei.
Notice

gLn+2(dη(ei), φ) = −gLn+2(η, dφ(ei)) = −gLn+2(η, ei) = 0,

gLn+2(dη(ei), η) =
1

2
eigLn+2(η, η) = 0.

We see that
dη(ei) = Qn+1∇eiη = kiei.

Then
dψ(ei) = (1 + ki)ei.
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Lemma

If ki > −1 , ψ is an immersion and ψ(M) is codimension 2. The
two normal vectors are φ and η. And the second fundamental form
is given by

(
−→
Aψ)ij = (1 + ki)(−φ+ kiη)gij .

Proof. Since ki > −1,

dψ(ei) = dφ(ei) + dη(ei) = (1 + ki)ei 6= 0.

So ψ is immersion and it is obvious that ψ(M) is codimension 2.
We claim φ and η span the normal bundle of ψ(M), since

gLn+2(dψ(ei), φ) = gLn+2(ei, φ) + gLn+2(dη(ei), φ) = 0,

gLn+2(dψ(ei), η) = gLn+2(ei, η) + gLn+2(dη(ei), η) = 0.
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Since

Hessdψ2ψ(ei, ej) = ejeiψ − (dψ
2∇ejei)ψ,

and −dψ2∇ejei =
∑

i βiei we have

gLn+2(
−→
Aψ(ei, ej), φ) = −gLn+2(ejeiψ − (dψ

2∇ejei)ψ, φ)

= −gLn+2(ejeiφ+ ejeiη, φ)

= gLn+2(ei, ej) + kigLn+2(ei, ej) = (1 + ki)δij .

Similarly, we have

gLn+2(
−→
Aψ(ei, ej), η) = (1 + ki)kjδij .

So
−→
Aψ(ei, ej) = (−(1 + ki)φ+ (1 + ki)kjη)δij

= (1 + ki)(−φ+ kiη)gij .
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Horospherical metric

We define the horospherical metric on M by gh = dψ2, that is, the
pulled back metric by the map ψ, which is also Riemannian if
ki > −1. If fact we have

gh(ei, ej) = gLn+2(dψ(ei), dψ(ej)) = (1+ki)(1+kj)δij = (1+ki)
2δij .

Then we know

−→
Aψ = (1 + ki)

−1(−φ+ kiη)gh
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Light cone map and hyperbolic Gauss map

Since we have a way to identify Qn+1 with the unit disk
x2

1 + · · ·+ x2
n+1 < 1, x0 = 0 by the stereographic projection map

P . We have

Theorem

Let ψ = (ψ0, ψ1, · · · , ψn+1) = (ψ0, ψ̃), then G ◦ P ◦ φ = ψ̃
ψ0
.

Proof. See the graph below.
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Definition

We define ρ = logψ0 and call it horospherical support function.

Theorem

gh = e2ρ(dG)∗gSn .

Proof. Since gLn+2(ψ,ψ) = 0 and gLn+2(ψ, ei) = 0

dG2(ei, ej) = gLn+2(d
ψ

ψ0
(ei), d

ψ

ψ0
(ej)) =

1

ψ2
0

dψ2(ei, ej).

It is also easy to prove that : if ki > −1, then G is local
diffeomorphism.
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Now if φ : M → Qn+1 is an immersion, then we can define map
η, ψ,G and function ρ. What is important for us is that φ can be
expressed in terms of G and ρ.

Theorem (Representation formula)

Suppose φ : M → Qn+1 is an immersion with ki > −1 uniformly.
Let ρ be the corresponding horospherical support function.Then

φ =
eρ

2
(1 + e−2ρ(1 + ‖gSn∇ρ‖2gSn ))(1, x) + e−ρ(0,−x+gSn ∇ρ)
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Proof. First we prove that

φ =
1

n
∆ghψ +

R(gh) + n(n− 1)

2n(n− 1)
ψ, (16)

where R is the scalar curvature of gh and ∆ghψ is the Laplacian of
ψ with respect to gh. We do the calculation at p, using the
orthonormal frame {ei}, which are the principal directions with
principal curvatures ki . We let vi = ei

1+ki
. So gh(vi, vj) = δij .

From
−→
Aψ(vi, vj) = (− 1

1 + ki
φ+

ki
1 + ki

η)δij .

If K(x, y) denotes the sectional curvature of ψ, from Gauss
equation

K(vi, vj) =<
−→
Aψ(vi, vi),

−→
Aψ(vj , vj) > −‖

−→
Aψ(vi, vj)‖2

= 1− 1

1 + ki
− 1

1 + kj
.
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So we know that

R(gh) = n(n− 1)− 2(n− 1)

n∑
i=1

1

1 + ki
(17)

Also the mean curvature of ψ is

−→
Hψ =

n∑
i=1

−→
Aψ(vi, vi) =

n∑
i=1

(− 1

1 + ki
φ+

ki
1 + ki

η)

=
n∑
i=1

(−φ+
ki

1 + ki
φ+

ki
1 + ki

η)

= −nφ+
∑
i

ki
1 + ki

ψ.

= −nφ+ (n−
∑
i

1

1 + ki
)ψ.
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Now we recall that

∆ghψ = −
−→
Hψ = nφ− (n−

n∑
i=1

1

1 + ki
)ψ.

So we have

φ =
1

n
∆ghψ + (1− 1

n

n∑
i=1

1

1 + ki
)ψ.

From (17), we can prove (16).
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Now we compute ∆ghψ. First because gh = e2ρgSn

∆ghψ = e−2ρ(∆gSnψ + (n− 2)gSn(gSn∇ρ,gSn ∇ψ)). (18)

Let {u0, · · · , un+1} be the canonical basis of Ln+2 and write
ψ = (ψ0, · · · , ψn+1). Let (1, x) = (1, x1, · · · , xn) ∈ Sn.

∆gSnψ = (∆gSneρ,∆gSn (eρ)x+ eρ∆gSnx+ 2eρ
n+1∑
k=1

gSn(gSn∇xk,gSn ∇ρ)uk)

= (e−ρ∆gSn (eρ))ψ + (0, eρ∆gSnx+ 2eρ ·gSn ∇ρ).

Now ∆gSnx = −nx and ∆gSneρ = eρ(∆gSnρ+ ‖gSn∇ρ‖2gSn ), we
have

∆gSnψ = (∆gSnρ+ ‖gSn∇ρ‖2gSn )ψ + eρ(0,−nx+ 2gSn∇ρ). (19)
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Notice that, for any Z ∈ S(TM(Sn)):

gSn(gSn∇ψ,Z) :=

n+1∑
k=0

gSn(gSn∇ψk, Z)uk.

Then if we choose fi as the orthonormal basis of Sn,

gSn(gSn∇ψ,gSn ∇ρ) =

n∑
i=1

fi(ρ)fi(ψ)

=

n∑
i=1

fi(ρ)(eρ(fi(ρ))(1, x) + eρ(0, fi))

=‖gSn∇ρ‖2gSnψ + eρ(0,gSn ∇ρ). (20)
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From (18)(19)(20) we have that

∆ghψ = e−2ρ(∆gSnρ+(n−1)‖gSn∇ρ‖2gSn )ψ+ne−ρ(0,−x+gSn∇ρ).

On the other hand it is well known that if gh = e2ρgSn we have

∆gSnρ+
n− 2

2
‖gSn∇ρ‖2gSn −

n

2
+

e2ρ

2(n− 1)
R(gh) = 0.

So

∆ghψ = (− R(gh)

2(n− 1)
+
ne−2ρ

2
(1+‖gSn∇ρ‖2gSn ))ψ+ne−ρ(0,−x+gSn∇ρ)).

Plugging this into (16) we get the result.
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Now we consider the tensor on M ,

P = −gSn∇2ρ+ dρ⊗ dρ− 1

2
(‖gSn∇ρ‖2gSn − 1)gSn .

When n ≥ 3, this is actually the Schouten tensor of gh. That is

Sch =
1

n− 2
(Ric− R

2(n− 1)
g).

The curvature has decomposition

Rijkl = Wijkl + gikSchjl − gjkSchil − gilSchjk + gjlSchik.

Theorem

Let ei be the principal direction. Then ei are also the
eigendirection of P . Let λi be the corresponding eigenvalue with
respect to gh. Then we have λi = 1

2 −
1

1+ki
.
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Proof. Choose fi as the geodesic frame at p in the metric gSn ,

Pij = −gSn∇2
ijρ+ ρiρj −

1

2
(‖gSn∇ρ‖2gSn − 1)(gSn)ij

where (gSn)ij = δij . Now we calculate

gSn∇2
ijρ = fifjρ− (gSn∇fifj)ρ = fifjρ,

gh∇2
ijρ = fifjρ− (gh∇fifj)ρ = fifjρ− (Γh)kijρk.

Since gh = e2ρgSn

(Γh)kij =
1

2
e−2ρδkl(∂i(e

2ρ(gS2)jl) + ∂j(e
2ρ(gS2)il)− ∂l(e2ρ(gS2)ij))

= ρiδkj + ρjδki − ρkδij .

So we have

(gh∇2ρ)ij = (gSn∇2ρ)ij − 2ρiρj + ρ2
kδij .
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Pij = −(gh∇2ρ)ij − ρiρj +
1

2
(‖gSn∇ρ‖2gSn + 1)(gSn)ij .

Now we choose normal coordinate undar gh. As ρ = logψ0, we see
that

(gh∇2ρ)ij = ∂2
ijρ = ∂i(

∂jψ0

ψ0
) =

ψ0∂
2
ijψ0 − ∂iψ0∂jψ0

ψ2
0

= ψ−1
0 ∂2

ijψ0 − ρiρj .

So

Pij = −ψ−1
0 (gh∇2ψ0)ij +

1

2
e−2ρ(‖gSn∇ρ‖2gSn + 1)(gh)ij .
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From the expression of second fundamental form, we know that
−(∇2ψ0)ij = (− 1

1+ki
φ0 + ki

1+ki
η0)(gh)ij . So

Pij = ψ−1
0 (− 1

1 + ki
φ0 +

ki
1 + ki

η0 +
1

2
e−ρ(‖gSn∇ρ‖2gSn + 1))(gh)ij .

Now we know that, from Representation formula,

φ0 =
eρ

2
(1 + e−2ρ(1 + ‖gSn∇ρ‖2gSn )).

So
1

2
e−ρ(1 + ‖gSn∇ρ‖2gSn ) = φ0 −

eρ

2
.

Pij = ψ−1
0 (

ki
1 + ki

ψ0 −
eρ

2
)(gh)ij = (

1

2
− 1

1 + ki
)(gh)ij .
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Now we let n ≥ 2. From the decomposition Rijkl, for locally
conformal flat manifold, we know

Rijij = Schiigjj + Schjjgii = λi + λj , i 6= j.

Lemma

Suppose φ : Mn → Qn+1 is nonnegatively curved immersed
hypersurface. Then φ is strictly convex ki > 0 and the
horospherical metric is also nonnegatively curved.

Proof. From kikj ≥ 1 for all i, j = 1, · · · , n, we know ki > 0 for
all i = 1, · · · , n. Since λi = 1

2 −
1

1+ki
, we have

Secgh(
ei

1 + ki
,

ej
1 + kj

) = λi + λj =
kikj − 1

(1 + ki)(1 + kj)
≥ 0.
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For a local conformal flat manifold, a conformal immersion

F : Mn → Sn

is called a developing map.

Theorem

If n ≥ 3, and Mn is simply connected, locally conformal flat
manifold, then there is a developing map from Mn to Sn. And the
map is unique up to the conformal transformation of Sn.

Theorem(Schoen-Yau)

Let (Mn, g) be a complete Riemannian manifold with Rg ≥ 0. If
F : Mn → Sn is conformal, F is injective.
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Theorem(Shunhui Zhu)

Let Ω ⊂ Sn be a domain of standard Sn. If there is a complete
conformal metric g on Ω such that Ricg ≥ 0, then the Hausdorff
of ∂Ω = Sn\Ω is 0. If fact ∂Ω consists of at most two points.

Theorem(Injective hyperbolic Gauss map)

For n ≥ 3, let φ : Mn → Hn+1 be a complete, nonnegatively
curved, immersed hypersurface. Then the hyperbolic Gauss map is
a developing map from (Mn, gh) to (Sn, gSn) and is injective.
Moreover, the Hausdorff dimension of ∂G(M) = Sn\G(M) is zero.
In fact ∂G(M) consists of at most two points.
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Proof.
Since (Mn, gM ) is nonnegatively curved, we know gh is also
nonnegatively curved. Then from the theorem of Schoen and Yau,
we know, the hyperbolic Gauss map G as the developing map, is
injective. Then from Shunhui Zhu’s theorem, we know ∂G(M)
consists of at most two points. Then we end the proof.
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Let n ≥ 2. Let Ω be a domain of Sn. Let φ : Ω→ Qn+1 be given
by

φ =
eρ

2
(1 + e−2ρ(1 + ‖gSn∇ρ‖2gSn ))(1, x) + e−ρ(0,−x+gSn ∇ρ)

whose hyperbolic Gauss map is G(x) = x. We can define a normal
flow of φ(M), by

φt =
eρ+t

2
(1+e−2(ρ+t)(1+‖gSn∇ρ‖2gSn ))(1, x)+e−(ρ+t)(0,−x+Sn∇ρ).
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The properties of the normal flow.

The normal flow preserves the hyperbolic Gauss map and
boundary at infinity.
The normal flow preserves the nonnegative sectional curvature
condition.
When φ is a horospere, φt is also a horosphere. When φ is an
equidistant surface, φt is also an equidistant surface. If φ(M)
is contained in a horosphere H, then φt is also contained in
Ht.

Theorem(Bonini,Qing,Espinar)

For n ≥ 2, let φ : Mn → Hn+1 be a complete hypersurface with
injective Gauss map and ki > −1 uniformly. Suppose that the
asymptotic boundary ∂∞φ(M) at infinity of the hypersurface is a
disjoint union of smooth closed submanifolds in Sn. Then, along
the normal flow, φt(M) eventually becomes embedded.
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If ∂∞φ consists of two points, then we can use the normal flow φt,
such that φt is embedded for t large. So from the classification
theorem of Alexander and Currier, we know φt is an equidistant
hypersurface. So φ is also an equidistant hypersurface.
If ∂∞φ contains only one point, then we can generalize Epstein’s
result to conclude that it is embedded.
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n = 2 case

Kgh =
KgM

(1 + k1)(1 + k2)
≥ 0.

Since λi = 1
2 −

1
1+ki

, we know λi ∈ (−1
2 ,

1
2). Then

−1
2gh < P < 1

2gh. Let π : M̃2 →M2 be the universal covering

map. Let φ̃ = φ ◦ π : M̃ → Q3, G̃ = G ◦ π : M̃ → S2, g̃h = π∗gh
and Kg̃h = Kgh ◦ π ≥ 0.

P̃ = P ◦ π = −G̃∗gS2∇2ρ̃+ dρ̃⊗ dρ̃− 1

2
(‖dρ̃‖2

G̃∗gS2
− 1)G̃∗gS2

where ρ̃ = ρ ◦ π and −1
2 g̃h < P̃ < 1

2 g̃h. From Huber’s theorem, we

know M̃ is parabolic. And since it is simply connected, we know it
is biholomorphic to R2.
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Theorem (n = 2, flat cases)

Let φ be an isometric immersion flat Euclidean plane to Q3. Then
φ is either a covering map of an equidistant surface about a
geodesic in Q3 or it is an embedded horosphere.

Proof. First from

Kgh =
Kg

(1 + k1)(1 + k2)
= 0,

(R2, gh) is isometric to the Euclidean plane. Let z = (x, y) be the
Euclidean coordinate for (R2, gh) so that

|dz|2 = gh = e2ρG∗gS2 .
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As

Pij = −(gh∇2ρ)ij − ρiρj +
1

2
(|dρ|2gh + e−2ρ)gh,

in local coordinate (x, y) we have

Pxx = −∂2
xρ+

1

2
(ρ2
y − ρ2

x) +
1

2
e−2ρ,

Pyy = −∂2
yρ+

1

2
(ρ2
x − ρ2

y) +
1

2
e−2ρ,

Pxy = Pyx = −∂2
x,yρ− ρxρy.

We have
Pxx + Pyy = −∆hρ+ e−2ρ = 0.

And

Pxxy = −∂3
xxyρ+ ρyρyy − ρxρxy − e−ρρy

Pxyx = −∂3
xyxρ− ρxxρy − ρxρyx.
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So
Pxxy − Pxyx = ρy∆hρ− e−ρρy = 0.

Also

Pxxx = −∂3
xxxρ+ ρyρyx − ρxρxx − e−2ρρx,

Pxyy = −∂3
xyyρ− ρxyρy − ρxρyy.

So

Pxxx + Pxyy = −∂x(∆hρ)− ρx(∆hρ)− e−2ρρx

= 2e−2ρρx − e−2ρρx − e−2ρρx

= 0.

So Pxx −
√
−1Pxy or Pyy +

√
−1Pxy is a holomorphic function on

(R2, z).
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As

−1

2
|dz|2 < P <

1

2
|dz|2

we know that this holomorphic function is bounded on the whole
C. So it is a constant. So the principal curvatures of the intrinsic
surface is also constant. From the classification of isoparametric
surfaces in hyperbolic 3-space, we have proved the theorem.

Shiguang Ma Hypersurfaces in hyperbolic space



Riemannian geometry and hyperbolic space
The isometries of Hn and Liouville theorem

Nonnegatively curved hypersurfaces in hyperbolic space
Taliaferro’s PDE theory

AdS-CFT correspondence
The proof of Alexander and Currier’s conjecture

Now we consider a complete, noncompact, nonnegatively curved,
nonflat, immersed φ : M → Q3. First (M̃, g̃h) is also
nonnegatively curved and complete.
Let’s assume z = x+

√
−1y is the complex coordinate on M̃ . We

have
g̃h = e2ρ̃0 |dz|2 = e2ρ̃G̃∗gS2 .

Rewrite the relation as

|dz|2 = e2(ρ̃−ρ̃0)G̃∗gS2 = e2ρ0G̃∗gS2

for ρ0 = ρ̃− ρ̃0 and consider the symmetric 2-tensor

P0 = −∇2
G̃∗gS2

ρ0 + dρ0 ⊗ dρ0 −
1

2
(|dρ0|2G̃∗gS2 − 1)G̃∗gS2 .

It is easy to know that P0 also gives rise to a holomorphic function
as −∆R2ρ0 + e−2ρ0 = 0.
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Lemma

Let

P̃ = −G̃∗gS2∇2ρ̃+ dρ̃⊗ dρ̃− 1

2
(|dρ̃|2

G̃∗gS2
− 1)G̃∗gS2 .

In (x, y) coordinates we have

(P0)11 = ∂2
xρ̃0 −

1

2
((∂xρ̃0)2 − (∂yρ̃0)2) + P̃11,

(P0)22 = ∂2
y ρ̃0 −

1

2
((∂yρ̃0)2 − (∂xρ̃0)2) + P̃22,

(P0)12 = (P0)21 = ∂x∂yρ̃0 − (∂xρ̃0)(∂yρ̃0) + P̃12.
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Now we use Taliaferro’s result to prove that

ρ̃0 = −m log |z|+ o(log |z|) as |z| → ∞

for some m ∈ (0, 1] .
We first take an inversion. Let z̃ = z

|z|2 be the inversion map. Then

|dz|2 =
1

|z̃|4
|dz̃|2 and g̃h = e2ρ̃0 |dz|2 = e2(ρ̃0−2 log |z̃|)|dz̃|2 = e2v|dz̃|2

where
v(z̃) = ρ̃0(

z

|z|2
)− 2 log |z̃|. (21)
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First we assume v has a lower bound on B1(0). Since
0 ≤ −∆̃v = Kghe

2v ≤ e2v according to Taliaferro’s Theorem, we
get

v(z̃) = m1 log
1

|z̃|
+ o(log

1

|z̃|
) as z̃ → 0

for some m1 > 0. Next we claim that m1 ≥ 1 since the metric
g = e2v|dz̃|2 is complete and noncompact at the origin.
Assume otherwise m1 < 1. Then let m2 ∈ (m1, 1) and rs be
sufficiently small so that v < m2 log 1

|z̃| for all 0 < |z̃| < rs, which
implies

exp(v) < |z̃|−m2 for all 0 < |z̃| < rs,

and ∫ rs

0
exp(v(t, 0))dt <

∫ rs

0
t−m2dt <∞.

This is a contradiction.
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Therefore, from (21) we know

u(z) = (2−m1) log
1

|z|
+ o(log

1

|z|
) as |z| → ∞

where m = 2−m1 ≤ 1.
To see m > 0 when g is nonnegatively curved and nonflat, we recall

−∆u = Kge
2u ≥ 0 in R2.

For 0 < r2 < r1, we have that

r2ū
′(r2) = r1ū

′(r1) +
1

2π

∫
r2<|z|<r1

Kge
2u,

where

ū(r) =
1

2π

∫ 2π

0
u(r cos θ, r sin θ)dθ.
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Then

|ū′(r)| ≤ 1

2π

∫ 2π

0
|∇u(r cos θ, r sin θ)|dθ

and therefore
lim

r2→0+
r2ū
′(r2) = 0.

So we have

r1ū
′(r1) = − 1

2π

∫
|z|<r1

Kge
2u.

Now, from u = m log 1
|z| + o(log |z|) as |z| → ∞, it follows that

lim
r1→∞

r1ū
′(r1) = −m = −

∫
R2

Kge
2u < 0,

and Kg ≥ 0 and is not identially 0.
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Now we prove that v has lower bound in B1(0). We first observe
that e−v is a subharmonic function on (R2, e2v|dz̃|2), that is

∆ge
−v = e−v|∇gv|2 − e−v∆gv = e−v(|∇gv|2 + K̃g) ≥ 0.

Theorem (Li and Schoen)

Suppose that Mn is a Riemannian manifold with Ric ≥ −(n− 1)k.
Let x0 ∈M and r is a number that if M has no boundary, r is less
than half of the diameter of M ; if ∂M 6= φ, r < 1

5d(x0, ∂M).
Then for a nonnegative subharmonic v1, τ ∈ (0, 1

2)

sup
B(1−τ)r(x0)

v2
1 ≤ τ−C(1+

√
kr) 1

vol(Br(x0))

∫
Br(x0)

v2
1dvol.
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Theorem (Croke and Karcher)

If (M2, g) is complete and nonnegatively curved, then there exists
a constant C(M) such that, for r ≤ 1,

volg(Br(x)) ≥ C(M)r2.

Thus, the fact that the conformal factor v is bounded from below
follows from Li Schoen’s inequality and and the fact that
vol|dz̃|2(Br(x0)) is bounded.
Then we proved that

ρ̃0 = −m log |z|+ o(log |z|) as |z| → ∞

for some m ∈ (0, 1].
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Then from

−1

2
g̃h < P̃ <

1

2
g̃h,

we know

|P̃ | ≤ Ce2ρ̃0 ≤ C

(1 + |z|2)
m
2

, (22)

and hence |P̃ | belongs to Lp(R2) for some large p > 1. From
interior estimates to the Gaussian curvature equation

−∆ρ̃0 = Kg̃he
2ρ̃0

and the Schauder and Lp estimates, we have{
R

2− 2
p ‖∂2ρ̃0‖Lp(BR(0)) ≤ C(‖ρ̃0‖C0(B2R(0)) +R

2− 2
p ‖Kg̃he

2ρ̃0‖Lp(B2R(0))),

r‖∂ρ̃0‖C0(Br(z)) ≤ C(‖ρ̃0‖C0(B2r(z)) + r2‖Kg̃he
2ρ̃0‖C0(B2r(z))).

(23)
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From (22) and the first inequality of (23) as R→∞, we have
∂2ρ̃0 ∈ Lp(R2) for p large since Kg̃h is bounded. Now in the second
one of (23), we choose r = (1 + |z|2)

m
4 < 1

2 |z| at least when

|z| > 2
√

2, we get

|∂ρ̃0(z)| ≤ C

(1 + |z|2)
m
4

(log |z|+ C),

which implies that |∂ρ̃0(z)2| ∈ Lp(R2) for p large. So
|P0| ∈ Lp(R2).
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With P0 = 0, we know

ρ0 = log(C[(x− x0)2 + (y − y0)2] +
1

4C
).

Now we use Representation formula to generate a immersed
surface in H3 with intrinsic Gaussian curvature 0. We know it is a
horosphere.
So we know G̃ : M̃ → S2 is injective and G̃(M̃) = S2\{q}. And
the boundary at infinity of φ(M̃) is a single point. So the covering
map is a diffeomorphism.

ρ̃ = ρ0 + ρ̃0 = (2−m) log |z|+ o(log |z|), m ∈ (0, 1]

as z → +∞. So ρ̃(G̃−1(ξ))→ +∞ as ξ → q. From an argument
of Bonini, Espinar and Qing, we know ∂∞φ = {q}. From the result
of Epstein, we know that φ is embedding.
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Thank you for your attention!
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