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Overall theme 2/20

Overall theme

Understanding the behavior of hypersurface curvature flows and their

W in the proof of geometric inequalities.

Topics covered:
/1. Curvature flows, Isoperimetric and Alexandrov-Fenchel inequalities in
Euclidean space.

2. Quermassintegrals, Curvature flows, and Alexandrov-Fenchel
inequalities in Hyperbolic space

3. Convex geometry in Euclidean space, Geometry of horospherical
convex hypersurfaces in Hyperbolic space.

4. Tensor maximum principle, Maximum principle for functions on the
frame bundle.




Outline of today’s lecture 3/20

1. Introduction of curvature flow, Huisken’s theorem on volume preserving mean
curvature flow and Isoperimetric inequality.

2. Quermassintegrals in Euclidean space, McCoy’s theorem on Quermassintegral
preserving curvature flow and Alexandrov-Fenchel inequalities.

3. Sketch proof of McCoy’s theorem.
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Curvature flow of hypersurfaces 4/20

2%
Let\>o "+1 be a smooth hypersurface given by the embedding g
Xo: M" — R
we consider a smooth family of embeddings X : M" x [0, T) — R"*! satisfying
9 unit owtey V\OYN)cp(
o = Hnrn ) @
Curvature flow: F = F(k) is a smooth function of the principal curvatures of X;.
Examples: 2X _ 'HA
P 7 2t "
1. Mean curvature flow F' = —H (Huisken 1984, application in topology)
32. Gauss curvature flow FF = —K (Firey 1974, fate of rolling stones, application in

‘ 5 affine geometry, image analysis)

Inverse mean curvature flow F = 1/H (Geroch 1973, application in general
Arelatlwty, geometric inequalities)

(o g‘w o @ Volume preserving mean curvature flow (Huisken, 1987, application in

t lit 2 _ \/
geometric inequalities) ax — (7/3 _% - H ) 5



Curvature flow of hypersurfaces 5/20

Short time existence (cf. Huisken and Polden 1999).

If F tisﬁes
OF

—&%i >0, i=1,---,n
holds everywhere on >y, then the curvature flow has a smooth solution at least on a
short time interval [0, ). DX r RN
=rv
Evolution equations. Along the curvature flow, we have R
0
— o, =2Fh;; -
8rg’\|y ! due = Jd\% 31) dx' 4 nelx”
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Volume preserving mean curvature flow 6/20

We focus on the application of curvature flow in the proof of geometric inequality.

Example: Isoperimetric inequality. For andomain QCRT (n>1),
there holds ol

n

n 1
Area(9Q) > (n+ 1)+ w, " Vol(Q) n+T

with equality holds if and only if €2 is a round ball. i,( ‘ 4 = [2( ¥) l

Volume preserving mean curvature flow =) \’3 !),] > \g B(x )l
A family of i : M" "1 satisfyi ~
amily of embeddings X : M" x [0,T) — R""" satisfying n=\. 2 4t A
i

9 X(x1) = @ — H)v(x,1) )
ot

where ¢(t) is chosen to preserve the enclosed volume by ¥, = X (M, 1).

B fz, Hdy,
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Volume preserving mean curvature flow 71720

Theorem (Huisken, 1987) 10 )

(7 =
If 3o = 0Qp is a persurface, then the solution X, = X (M, 1) of (2) exists
for all time r > 0, X; converges to a sphere S"(r) as t — oc.

The isoperimetric ratio
b

T

1s non-increasing. Applying Huisken’s theorem,

L n
— 00
which implies the Isoperimetric inequality (foromains).

o T 5(/1"«\4«(-2( VUK . Qe X = — ka n J{Zw

Z(Sx)

T< serimetric ineqw\%‘ﬁ by bounded L



Key steps 8/20
Sky-Sraped ?

The key steps to establish a metric inequality using curvature flow:
Y cjnve% YoV Auatity ising

1. Under suitable conditions on thednitial data 2y,\the curvature flow exists and
St e ST
converges to a “model” hypersurface (€.g., Tound sphere)

2. Find a geometric quantity Z(£2;) (e.g., isoperimetric ratio), which is

increasing/decreasing along the flow.

3. Estimate the limit of this geometric quantity lim,_, oo Z(€,).

I — o0

Yo = 690

S" = 0B

() 7 lim T(%) =((Ball).



Quermassintegrals 9/20

For convex € in R"t! and ¢ > 0, denote the g-parallel set of €2: I

Qe =0+ eB"T = {xeR"™ d(x,Q) < e}

Steiner formula

The volume of 2. can be expressed as a polynomial of € of order n + 1:

n+1 I’l + 1 @
n—+ 1
Vit 0¥l

= voﬂ(n)+ ][3 e+ 2N ere Ty

Quermassintegrals of € are defined as the coefficients of the Steiner formula.

Vo(Q2) = (n+1)|Q|
Vi(Q2) = |09|

Vol(£2.)

Vurn() = (n 4 DJE| =




Alexandrov-Fenchel inequalities 10/20

/ @ ’ — )
o0

1
n
Ek:<k> Z Kiy = Rig, k=1,---,n,

1<ip<---<ix<n

T

C
IfY =00is smooth then

where

is the kth normalized mean curvature of Of2.

Alexandrov (193%) and [Fenchel (1936) proved k=), {=0
-1
22
Alexandrov-Fenchel inequalities = Vi) 2z W VW) n+

gl
Forbounded domain € in R"*!, we have 2 Véo\ \qum(

k—¢ nd1—k

V() > wi iV ()=, 0<{<k<n

with equality if and only if €2 is a ball, where w, = |S"|.



Quermassintegral preserving flow 11/20

Variational formula
IfX: M x[0,T) — R""" satisfies

0
EX(X’ t) = F(x,t)v(x, 1)

then Quermassintegrals have a nice variation equation

ng(Qt):(n—kl—ﬁ)/ FEMp, £=0,1,--- n.
dt S

In particular, £ = 0, 1 reduce to the variation formula for volume and area.
AV e Ve Va

Inspired by Huisken’s (1987) volume preserving flow, McCoy (2005) introduced the
following Quermassintegral preserving flow

9 E, 1/(k—¢)
Em,r):(qs(r)—(E—z) >u<x,t>, 0<t<k<n O

with ¢(¢) chosen to preserve Ve(€;).
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Quermassintegral preserving flow 12/20

Theorem (McCoy 2005)
If 3o ¢ R*is then the solution 3, converges to a sphere S"(r) as t — oo.

The higher order isoperimetric ratio

Vk(Qt)
Lo ($2:) = .
ETEIEE SN

1s non-increasing along the flow. McCoy’s theorem implies

k—42
Too()> lim T o(9) :: Weas
— o0

New proof for the Alexandrov-Fenchel inequalities for convex domains.




Short time existence 13/20

In the rest of today’s lecture, we sketch the proof of McCoy’s theorem.

Denote

. (Q)lmk—e) £:52 — 9 02
. /A R

Since@i = 1,--. ,neverywhere on .o, we have

OF :
8/@,->0’ i=1,---,n HM\‘SW——?‘O/A% (24
i/

holds on . Then a smooth solution ¥, exists at least for a short time 7 € [0, €).

Short time existence of the solution can be proved in several way - by writing the
evolving hypersurface >; as graphs over the initial hypersurface >y, or over the
sphere centered at a point contained in .o (for star-shaped hypersurfaces), or by
considering the Gauss map parametrization (for convex hypersurfaces).

The idea is to break the diffeomorphism invariance and reduce the flow equation to a
scalar parabolic PDE.

Ao (pw-F)T i BT

&~ a Saldr  par ablic PPT



Radial graph parametrization 14/ 20

We can write a convex hypersurface ¥ C R"™! as a graph of adial function r)over a
sphere S" centered at some point xy

> ={(,r), 0cS"}

The flow equation is equivalent to a scalar parabolic PDE { ¥

o w oy, vot) .
@c—?f: é)(l’ ’ & %rz(qb(t)—F(h’i))w

for the radial function r(-, ) on the sphere S", where w = /1 + |Dr|?/r* and

: 1 rrr 1 1
@ @ Pw (OJ B r2w2>-rl—k+ r3w3r]rl Tl

is the Weingarten matrix of ¥ in the coordinates {0', - - - ,6"}. Short time existence
follows from the theory of parabolic PDE.

R™ = R x s" i v 9
=4 (6. ve), Besn}

,M {)Q’, - Q"} locad ooy Siates o .

€ = 9( + Yi. DY
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Convexity / Curvature pinching estimate 15720

In order to prove the(long time existence, it suffices to prove uniform estimates on all
derivatives of the solution@

1. Estimates rder.

2 @gtimates for fully nonlinear parabolic PDE due to Krylov and Safonov.

w,.estlmate for all k > 2, by bootstrapping using Schauder theory.
\1\70 , vy Ve N [/OV‘V'QX\TW

Convexity preserved.

By assumption at t = 0. hy; satisfies

o . . .
P =F*N NV oy 4 PN oy + FY (B eehy + (9(2) — 2F) (B

We apply tensor maximum principle to show that (A;) > 0 along the flow for r > 0.

5 by = WIE ¢ (9= ) ()

If
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Tensor maximum principle 16 /20

Theorem (Hamilton 1982)

Let M be a closed manifold with smooth time-varying metric g(), and@}be a
symmetric (2, 0) - tensor field satisfying

%a:Aa

Suppose that 5(¢) = B(«(t), g(t),t) is a symmetric (2, 0)-tensor which satisfies

Bv,v) =20
whenever v is a null eigenvector of a, i.e. a;vV' = 0. If a(0) > 0, then () > 0 on M

for0 <r<T.
d(dzo = dl+)>0

The idea is essentially to reduce to the scalar case by evaluating the tensor on a
suitable vector field.

Let(i)be the first time there exits a point @and a(t) has a null vector v € T, M.
Mln space-time neighborhood of by parallel translation in space along

geodesic rays and then taking v to be independent of time. Then we compute
\/\/\/\N

= v




Tensor maximum principle 17 /20

0
0 ZERX()J())O‘(V? V) (o]

~— {

0
— (EOZ (V, V) + 2@@@7/\}7
=(Aa) (v,v) + B(v,v)

=A (a(v,v)) +B(,v)>0

We have almost obtained a contradiction. A strict contradiction can be obtained by
adding a posﬂnw/_astagdggd way. &V = J+ <[|t+ ) ﬂ

— -

When FZ (v. v —o

0
when  h(nv)=o

~hy =Ahy + B hy + (6() = 2H) (1)
Hamilton’s maximum principle implies that cogvexity (h; > 0) 1s preserved.

ot

To deal with more general case with F = (Ei/E¢)"/*~*, we need to apply a
generalized tensor maximum principle by Ben Andrews (2007).



Tensor maximum principle 18/20

Theorem (Andrews 2007)

Let M be a closed manifold with smooth time-varying metric g(¢), and () be a
symmetric (2, 0) - tensor field satisfying

0
Ea = akEVngoz + bV, —|—

where (@) > 0 and b* are smooth. Suppose that 5(f) = B(«a(t),g(t),t) is a
symmetric (2, 0)-tensor satisfying s howo —o deg

B, v) +isup2a* 2LV capy’ — AL Afay) [2 0, vwkh Fhis 4o,
— Ai

whenever v is a null eigenvector of a. If «(0) > 0, then «(z) > 0 on M for
0<r<T.

1. The idea is to extend th¢'null vector 1\Din space in more general way.

2. We can further show that /2;; > ¢Hg;; is preserved. Equivalently, xnin > ¢H
holds on 3 for t > 0.

(M\')'>7<' gt A=

o 3A g s.t \n\) 24 H ?'}
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Some other results 19/20

1. Huisken and Ilmanen (2001): weak solution of inverse mean curvature flow,
Riemannian Penrose inequality (conjecture by Penrose);

2. F. Schulze (2006): power of mean curvature flow / Isoperimetric inequality for
bounded domain. 24 X= - Hk f

@Guan and Li (2009): smooth solution of W,
Alexandrov-Fenchel inequalities for star-shaped and k-convex domains.

4. Simon Brendle, P.-K. Hung, M.-T. Wang (2012): inverse mean curvature flow,
Minkowski inequality in Anti-de Sitter-Schwarzchild space.

ecent years: Alexandrov-Fenchel type inequalities h hyperbolic space)/ in
sphere / in general ambient space.

——




Thank you!

-Q & A.



