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Outline of today’s lecture 2/16

1. Curvature flows and Alexandrov-Fenchel inequalities in Euclidean space
(Continued).

2. Geometry of Hyperbolic space, Alexandrov-Fenchel inequalities for h-convex
hypersurface in Hyperbolic space.

3. Alexandrov-Fenchel inequalities for hypersurfaces with positive sectional
curvature, Maximum principle for function on orthonormal frame bundle.
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Hyperbolic space 3/16

We now move to the hyperbolic case.

Hyperbolic space H"t' is a simply-connected Riemannian manifold with constant
negative sectional curvature —1.

1. Hyperboloid model: H" ™ is a hyperboloid in the Minkowski spacetime R

Hn+1 = {.X' - Rl’n+l, (x,x) = —1, @

where (x,x) = —x§ + St x? for any vector x = (xo,- -+ , Xuy1) € R"2

l
@ Poincaré disc model.

3. Half-space model. (]@2 , ;{)} ( dxf o+ O(Xn?')

4. We also usually view H""! as a Warped product R™ x S” equipped with metric

2 . o) \’{o
g = dr” + sinh” rgsn,

) mn—r/

A dx*
“/1"4’: (K -(ﬂI)I —(-(TT%?,)




Isoperimetric inequality in H" ! 4/16

Isoperimetric problem in hyperbolic space has been solved by Schmidt (1940).
» For any bounded domain Q C H"*',

Q= [B(r)] = 09| > |0B(r)|
with equality holds if and only if €2 = B(r). In particular, when n = 1,

L? > 4wA + A”,

» We can equivalently formulate this as

00| > fiofy (192))

where fo(r) = |B(r)| and fi(r) = |OB(r)].

Q: Alexandrov-Fenchel type inequalities in H"™'?

V5



Quermassintegral in hyperbolic space 5/16
Let 2 be a convex domain in H"™'. The quermassintegrals W (Q2) of € are defined as

wk_l . . .w()

Wi (Q2) = /£ XL NQ)dLg, k=1,---n,
k

Wn—1 "+ Wn—k
where Ly is the space of k-dimensional totally geodesic subspaces Ly in H**' and

wn = |S"|, x is the characteristic function.

If 02 is C?, there holds Cauchy-Cronfton formula
e~~~

W()(Q) = VO] Q)
{Wl (Q) = |8Q|

> Isoperimebvic [Egua l/)—ég

k
O Wk+1(Q)— m/ Ek—n_ka_l(Q), k—l,,n—l

Lem ( Beilly, 113)
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Quermassintegral preserving curvature flow 6/16

Quermassintegrals in hyperbolic space have a similar variation equation as in
Euclidean case:

Lemma (Wang-Xia, 2014)  Gutofay Ward,  Chao Xia
If the boundary of €2, moves outward with speed F

0
EX()C, t) = F(x,0)v(x,1),

then

in(Q[) = / FEgd,[Lt, E = O, 1,‘ -, n.
dl‘ Mtf.—

This motivates us to study the volume / quermassintegral preserving flows

1/ (k—0)
%X:<¢(t)_<%> )u, 0</l<k<n (1)

in H'*' with ¢(r) chosen to preserve W (€2;). We again have £W,(€,) < 0 as in
Euclidean case.




Failure of convexity 7/16

Cabezas-Rivas and Miquel (2007): Volume preserving mean curvature flow, i.e.,

@ If the initial domain €y is h-convex, then the solution {2, converges to a
geodesic ball.

hors phercaly convex [ iz |)
Failure of convexity: “Convexity x; > 0” may NOT be preserved along the flow (1).
The difficulty arises in the evolution of second fundamental form, which has terms
arising from the background geometry:

0

by = —VV,F +F ((hz),-,-+gi,~) .

P——

When F = ¢(t) — H,

%hij =V:V,;H + (¢(t) — H) ((hz)ij + 8ij)

=Ahy + (| + n)hy + ($(t) — 2H)(K); + ¢(f)gij£2H8if’ )

where —2Hg;; term 1s a bad term here.
SYmond td{r\*{'e%,‘
<. i))— W= a \,\;3 + K\\r\\l—\—‘rg M'\‘) - W \ Q\,\%);) + j)_@




Preserving horospherically convexity 8/16

If we impose a stronger condition “h-convexity”, i.e., k; > 1, let S = hy; — gij,

9
ot

Si =AS; + (|h]> +n — 2H)S; + ((1) — 2H) (5%);

2
+ ([]" +n—2H)g; 2

= J}l tn-1 279
Hamilton’s tensor maximum principle 1mp11es that h-convexity is preserved.
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Quermassintegral preserving curvature flow 9/16
Guofang Wang and Chao Xia (2014): ifmmn along the flow

1)
%{;(ﬂr)-(%) >y, 0<l<k<n

with ¢() chosen to preserve We(€2;), €2, is h-convex for all # > 0, and €2, converges
to a geodesic ball B(r) as t — oo.

Since Wy (€2;) is fixed and W;(€2,) is decreasing,

We(0) = We(B(r)) = fu(r),
Wi($0) > Wi(B(r)) = fi(r).

Alexandrov-Fenchel in H*t! (Wang-Xia, 2014)

If 2 is a smooth, bounded, h-convex domain in H"*!, then

Wi(Q) > fiof, ' (We(Q), 0<{l<k<n

with equality if and only if 2 is a geodesic ball, where fi(r) = Wi(B(r)) is an
increasing function.

ﬂ'. JL C ”’\n_ﬂ i h—touwex |, Pounded
f*((D < £ (\/L> + In2



Weaken the h-convexity assumption 10/ 16

The h-convex condition is convenient for the analysis but strong geometrically. We
would like to weaken this assumption to something more closely analogous to
convexity in the Euclidean case.

1. k=3,¢=1,2-convex and star-shaped ( by Haizhong Li, Changwei Xiong and
Yong Wei (2012))

@c =n,0 < ¢ < n,convexz k = 2,/ = 1, mean convex and star-shaped (by S.
Brendle, P. Guan and J. Li).

. \éf/v(), 0 < k < n, positive sectional curvature (by Ben Andrews, Xuzhong
Chen and Yong Wei, 2018).

ck=n—-14=n—-2i+1)0<2i< n),@onveé] (by B. Andrews, Yingxiang
Hu and Haizhong Li 2019). T
wethod: 2LX = - —?i +

)
Q: (k — 1)-convex and star-shaped forall 0 < ¢/ < k <n?

D (3 :
UE € X~= —’El_b T ia IR

(k g
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Alexandrov-Fenchel for positive sectional curvature 11/16

Theorem (Andrews-Chen-W., 2018)

Let Q C H""' be a smooth bounded domain with boundary 92 having positive
sectional curvature. Then foranyn > 2and k = 1, - - - , n, there holds

Wi(Q) > fiofy ' (Wo(€2)),
with equality if and only if 2 is a geodesic ball, where fi(r) = Wi(B(r)).

The proof again uses the volume preserving curvature flow Y

-
" (gb(t) 1/") v, 1<k<n \Z

8
==
Key step: “positive sectional curvature” is preserved along the flow.

——

6 auss eqmm._ s g

Rijj = hithy~ byl Ry
k(ene) = Kiky
P & Fiyy | fr all i)



Positive sectional curvature 12/16

Given a point @and@ and a frame O = {ey, - - , e, } for .M which is

orthonormal with respect to g(x, t), we define O’
S‘ & e "7 é -, ©n ]
3 ’ 4 ,/ {)’

G(x, t, @) = h(x,,) (61 , €1)h(x’,> (62, ez) — h(x’,) (61 , 62)2 — 1.

G > 0 att = 0. We consider a point (xo, o) and a frame Qy = {e;, - -- ,&,} at which
a new minimum of the function G is attained, so that we have

G(x, t,0) > G(X(), lo, @0)

forallx € Mandall 7 € [0,%],and all O € F(M) .

The fact that Op achieves the minimum of G over the fibre F(M) ,, ,,) implies that e
and e, can be rotated to be the eigenvectors of Ay, ,,) corresponding to x; and K,

where
Kl <Ky <o < Ry

are the principal curvatures at (xo, fo). Since G is invariant under rotation in the
subspace orthogonal to e; and e, we assume h(e;, e;) = k; and h(e;, e;) = 0 for i # j.
_————¥8

We calculate the evolution equation for G.



Time derivative Tix %o 13/16

i hat the fi O(t) for TM defined b ;
Noting tha S/izgn\e/i)/\or efined by - W f\gar-(—'elq oj:em\(ﬂ)ﬂ

d
—ei(t) = (F = g(0))W(ei

——
remains orthonormal with respect to g(x, ) if e;(to) = e; for each i. In fact,

%g(e"’ef) @ (eirej) +8 (%ei(f)&j(f)) +8 <e,-(z), d%e,(z))

Lt —— J% 72—

= (¢(1) — F) (Zntere;) — g0Aer) ) — glesW(e))) = O

This yields:

=h —hyp +2h | — +h —h 2h
Coro00) <af N <df€2’ez)> - <8t " (dtel’el>>

0
h(ei,er)

G] (’Xo , ‘t, G)HT)B B ZME =1,

#2(F = 6(0)h)* ) + ((ghwf 2(F = 6(0) (h)?)

9
ot

NS
-k o ~k +
P, [T
\/\/\_ -



Spatial derivative @ 14/ 16

We let - be any geodesic of g(#p) in M with v(0) = xo, and define a frame
O(s) = (ei(s), - ,en(s)) at y(s) by taking ¢;(0) = e; for each i, and

@,
BN R GLEL U W
for some constant antisymmetric matrix I'. ”

Since (xo, Qp) is a minimum point of G at time o, we have

d
0 = £:G0(5), 10, 0(5))| _

. =r2Vshi1 + k1 Vihy.

Then we compute second derivative
\N\N\/
4

O < —5G(v(s),10,0(s)) T ko Vol + k1 Voo + 2 (vsh22vsh11 — (vsh12)2)

- d2
# 43DV +43 Gy

p>2

+2Z@< > — K1) +2Z@m b, — k2). (2)

p>2 p>2




Maximum principle 15/16

Since G has a minimum at (x; Do), the right-hand side of (2) is non-negative for
any choice of I'/Minimizing over I' gives

0< /ﬁlzvghll + mehzz +2 (V h»Vhi — V I’l12
-2 h -2 h
ST

p>2 p>2

By a direct and lengthy calculation, and using the properties fi @ e obtain
that the spatial minimum of G satisfies

0

— > (| nonnegative gradlent tern9) — CG

Parabolic maximum principle implies that G > 0 is preserved.



Thank you!

-Q & A.



