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Outline of today’s lecture 2 / 16

1. Curvature flows and Alexandrov-Fenchel inequalities in Euclidean space
(Continued).

2. Geometry of Hyperbolic space, Alexandrov-Fenchel inequalities for h-convex
hypersurface in Hyperbolic space.

3. Alexandrov-Fenchel inequalities for hypersurfaces with positive sectional
curvature, Maximum principle for function on orthonormal frame bundle.
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Hyperbolic space 3 / 16

We now move to the hyperbolic case.

Hyperbolic space Hn+1 is a simply-connected Riemannian manifold with constant
negative sectional curvature �1.

1. Hyperboloid model: Hn+1 is a hyperboloid in the Minkowski spacetime R1,n+1:

Hn+1 = {x 2 R1,n+1, hx, xi = �1, x0 > 0}

where hx, xi = �x
2
0 +

P
n+1
i=1 x

2
i for any vector x = (x0, · · · , xn+1) 2 Rn+2.

2. Poincaré disc model.

3. Half-space model.

4. We also usually view Hn+1 as a Warped product R+ ⇥ Sn equipped with metric

g = dr
2 + sinh2

rgSn .
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Isoperimetric inequality in Hn+1 4 / 16
Isoperimetric problem in hyperbolic space has been solved by Schmidt (1940).

I For any bounded domain ⌦ ⇢ Hn+1,

|⌦| = |B(r)| ) |@⌦| � |@B(r)|

with equality holds if and only if ⌦ = B(r). In particular, when n = 1,

L
2 � 4⇡A + A

2.

I We can equivalently formulate this as

|@⌦| � f1 � f
�1
0 (|⌦|)

where f0(r) = |B(r)| and f1(r) = |@B(r)|.

Q: Alexandrov-Fenchel type inequalities in Hn+1?

vs Btr



Quermassintegral in hyperbolic space 5 / 16

Let ⌦ be a convex domain in Hn+1. The quermassintegrals Wk(⌦) of ⌦ are defined as

Wk(⌦) =
!k�1 · · ·!0

!n�1 · · ·!n�k

Z

Lk

�(Lk \ ⌦)dLk, k = 1, · · · , n,

where Lk is the space of k-dimensional totally geodesic subspaces Lk in Hn+1 and
!n = |Sn|, � is the characteristic function.

If @⌦ is C
2, there holds Cauchy-Cronfton formula

W0(⌦) = Vol(⌦)

W1(⌦) =
1
n
|@⌦|

Wk+1(⌦) =
1

n � k

Z

@⌦

Ek �
k

n � k
Wk�1(⌦), k = 1, · · · , n � 1.

Wn+1(⌦) = |Bn+1| = !n

n + 1
.
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Quermassintegral preserving curvature flow 6 / 16
Quermassintegrals in hyperbolic space have a similar variation equation as in
Euclidean case:

Lemma (Wang-Xia, 2014)

If the boundary of ⌦t moves outward with speed F

@
@t

X(x, t) = F(x, t)⌫(x, t),

then
d

dt
W`(⌦t) =

Z

Mt

F E`dµt, ` = 0, 1, · · · , n.

This motivates us to study the volume / quermassintegral preserving flows

@
@t

X =

 
�(t)�

✓
Ek

E`

◆1/(k�`)
!
⌫, 0  ` < k  n (1)

in Hn+1 with �(t) chosen to preserve W`(⌦t). We again have d

dt
Wk(⌦t)  0 as in

Euclidean case.

Guofay want Chao Xia



Failure of convexity 7 / 16

Cabezas-Rivas and Miquel (2007): Volume preserving mean curvature flow, i.e.,
k = 1, ` = 0. If the initial domain ⌦0 is h-convex, then the solution ⌦t converges to a
geodesic ball.

Failure of convexity: “Convexity i > 0” may NOT be preserved along the flow (1).
The difficulty arises in the evolution of second fundamental form, which has terms
arising from the background geometry:

@
@t

hij = �rirjF + F

⇣
(h2)ij+gij

⌘
.

When F = �(t)� H,

@
@t

hij =rirjH + (�(t)� H)
⇣
(h2)ij + gij

⌘

=�hij + (|h|2 + n)hij + (�(t)� 2H)(h2)ij + �(t)gij�2Hgij,

where �2Hgij term is a bad term here.

co
horospherically convex l ki 31

Q
Simons identity
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Preserving horospherically convexity 8 / 16

If we impose a stronger condition “h-convexity”, i.e., i � 1, let Sij = hij � gij,

@
@t

Sij =�Sij + (|h|2 + n � 2H)Sij + (�(t)� 2H) (S2)ij

+ (|h|2 + n � 2H)gij

Hamilton’s tensor maximum principle implies that h-convexity is preserved.tuft n 2 H 30

X folks f e e 8 in IH

Andrews tensor Max principle ki 1 is preserved

Alternative approach constant rank theorem
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Quermassintegral preserving curvature flow 9 / 16
Guofang Wang and Chao Xia (2014): if ⌦0 is h-convex, then along the flow

@
@t

X =

 
�(t)�

✓
Ek

E`

◆1/(k�`)
!
⌫, 0  ` < k  n

with �(t) chosen to preserve W`(⌦t), ⌦t is h-convex for all t > 0, and ⌦t converges
to a geodesic ball B(r) as t ! 1.

Since W`(⌦t) is fixed and Wk(⌦t) is decreasing,

W`(⌦0) = W`(B(r)) = f`(r),

Wk(⌦0) � Wk(B(r)) = fk(r).

Alexandrov-Fenchel in Hn+1 (Wang-Xia, 2014)

If ⌦ is a smooth, bounded, h-convex domain in Hn+1, then

Wk(⌦) � fk � f
�1
` (W`(⌦)), 0  ` < k  n

with equality if and only if ⌦ is a geodesic ball, where fk(r) = Wk(B(r)) is an
increasing function.
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Weaken the h-convexity assumption 10 / 16

The h-convex condition is convenient for the analysis but strong geometrically. We
would like to weaken this assumption to something more closely analogous to
convexity in the Euclidean case.

1. k = 3, ` = 1, 2-convex and star-shaped ( by Haizhong Li, Changwei Xiong and
Yong Wei (2012))

2. k = n, 0  ` < n, convex; k = 2, ` = 1, mean convex and star-shaped (by S.
Brendle, P. Guan and J. Li).

3. ` = 0, 0 < k  n, positive sectional curvature (by Ben Andrews, Xuzhong
Chen and Yong Wei, 2018).

4. k = n � 1, ` = n � (2i + 1) (0 < 2i < n), convex (by B. Andrews, Yingxiang
Hu and Haizhong Li 2019).

Q: (k � 1)-convex and star-shaped for all 0  ` < k  n ?
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Alexandrov-Fenchel for positive sectional curvature 11 / 16

Theorem (Andrews-Chen-W., 2018)
Let ⌦ ⇢ Hn+1 be a smooth bounded domain with boundary @⌦ having positive
sectional curvature. Then for any n � 2 and k = 1, · · · , n, there holds

Wk(⌦) � fk � f
�1
0 (W0(⌦)),

with equality if and only if ⌦ is a geodesic ball, where fk(r) = Wk(B(r)).

The proof again uses the volume preserving curvature flow

@
@t

X =
⇣
�(t)� E

1/k

k

⌘
⌫, 1  k  n.

Key step: “positive sectional curvature” is preserved along the flow.

f
Gauss equation 2 c IH't
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Positive sectional curvature 12 / 16

Given a point x 2 M and t � 0, and a frame O = {e1, · · · , en} for TxM which is
orthonormal with respect to g(x, t), we define

G(x, t,O) = h(x,t)(e1, e1)h(x,t)(e2, e2)� h(x,t)(e1, e2)
2 � 1.

G > 0 at t = 0. We consider a point (x0, t0) and a frame O0 = {ē1, · · · , ēn} at which
a new minimum of the function G is attained, so that we have

G(x, t,O) � G(x0, t0,O0)

for all x 2 M and all t 2 [0, t0], and all O 2 F(M)(x,t).

The fact that O0 achieves the minimum of G over the fibre F(M)(x0,t0) implies that ē1

and ē2 can be rotated to be the eigenvectors of h(x0.t0) corresponding to 1 and 2,
where

1  2  · · ·  n

are the principal curvatures at (x0, t0). Since G is invariant under rotation in the
subspace orthogonal to ē1 and ē2, we assume h(ēi, ēi) = i and h(ēi, ēj) = 0 for i 6= j.

We calculate the evolution equation for G.

O O
ez eye eu en

me



Time derivative 13 / 16

Noting that the frame O(t) for TxM defined by

d

dt
ei(t) = (F � �(t))W(ei)

remains orthonormal with respect to g(x, t) if ei(t0) = ēi for each i. In fact,

d

dt
g(ei, ej) =

✓
@
@t

g

◆
(ei, ej) + g

✓
d

dt
ei(t), ej(t)

◆
+ g

✓
ei(t),

d

dt
ej(t)

◆

=(�(t)� F) (XXXX2h(ei, ej)�(((((
g(W(ei), ej)�(((((

g(ei,W(ej))) = 0.

This yields:

@
@t

G

���
(x0,t0,O0)

=h11

✓
@
@t

h22 + 2h

✓
d

dt
e2, e2

◆◆
+ h22

✓
@
@t

h11 + 2h

✓
d

dt
e1, e1

◆◆

� 2ZZh12
@
@t

���
t=t0

h(e1, e2)

=1

✓
@
@t

h22 + 2(F � �(t))(h22)
2
◆
+ 2

✓
@
@t

h11 + 2(F � �(t))(h11)
2
◆

T
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Spatial derivative 14 / 16

We let � be any geodesic of g(t0) in M with �(0) = x0, and define a frame
O(s) = (e1(s), · · · , en(s)) at �(s) by taking ei(0) = ēi for each i, and

rsei(s) = �ijej(s)

for some constant antisymmetric matrix �.

Since (x0,O0) is a minimum point of G at time t0, we have

0 =
d

ds
G(�(s), t0,O(s))

���
s=0

=2rsh11 + 1rsh22.

Then we compute second derivative

d
2

ds2 G(�(s), t0,O(s))
���

s=0
= 2r2

s h11 + 1r2
s h22 + 2

⇣
rsh22rsh11 � (rsh12)

2
⌘

+ 4
X

p>2

�1p2rsh1p + 4
X

p>2

�2p1rsh2p

+ 2
X

p>2

�2
1p2(p � 1) + 2

X

p>2

�2
2p1(p � 2). (2)

F

adsgt.lei.ejf lijtB.io i

Of

O O
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Maximum principle 15 / 16

Since G has a minimum at (x0, t0,O0), the right-hand side of (2) is non-negative for
any choice of �. Minimizing over � gives

0  2r2
s h11 + 1r2

s h22 + 2
⇣
rsh22rsh11 � (rsh12)

2
⌘

� 2
X

p>2

2

p � 1
(rsh1p)

2 � 2
X

p>2

1

p � 2
(rsh2p)

2.

By a direct and lengthy calculation, and using the properties for F = E
1/k

k
, we obtain

that the spatial minimum of G satisfies

@
@t

G

���
(x0,t0,O0)

� nonnegative gradient terms � CG.

Parabolic maximum principle implies that G > 0 is preserved.

o

J o



Thank you!

- Q & A.


