A% o iy _E Ay JLAT o B R R A - Lecture 3

%3
(¥ BAERK K E)

F AT AT Z M F A
HRXRXAKFA@A TS July 2020



Outline of today’s lecture 2/ 20

1. Convex geometry in Euclidean space.
2. Geometry of horospherical convex hypersurface in Hyperbolic space.

3. New quermassintegrals, curvature flows, geometric inequalities, some remarks.



Convex geometry in Euclidean space 3/ 20

Let Q be a convex domain in R"™'. A closed Halfspace H is said to support  (at p)
if Q C H and p € 02 N OH. The boundary of H is called a supporting hyperplane.
The closure of €2 is the intersection of its supporting hyperplanes.

Y / R

Support function of €2 is a function s : S" — R

S(Z) — sup(x, Z>7 zZ € Sna
xeQ

which completely determines {2

Q= ﬂ {ye R (y,2) < s(z)}.

zeS"



Convex geometry in Euclidean space 4/ 20

The boundary > = 92 of a smooth bounded convex domain is a convex

hypersurface in R"*'. Let
v: -5

be thef Y = 0. When X is strictly convex (k; > 0), the Weingarten
operatorm is positive definite. Then v : ¥ — S" is a diffeomorphism.

Lemma ¥io0

Let ¥ = 02 be a strictly convex hypersurface in R"*!. Then v*gen = h*.
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Convex geometry in Euclidean space 5/ 20

The support function s : " — R of a convex hypersurface . is defined by

s(z) =(v""(2), 2),
where z € S” is the outer unit normal at the point v~ '(z) € X.

Lemma X: S”—> e == X/SD
Let 3 = 09 be a strictly convex hypersurface in R"™'. Then

X2 s(z)z + Vs(z2).

The second fundamental form % and support function are related by

v (?2s + sg') = h.

In other words, we can reparametrize a strictly convex > as an embedding

X: " 5 R

z = s(z)z+ Vs(z)
-—
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Convex geometry in Euclidean space 6/ 20

Denote A[s] = Vs + sg. Then

Vg =h’, V'A[s] = h
It follows that the eigenvalues ri, - - - , r, of A[s] with respect to g = gs» are the same
as the eigenvalues of /& with respect to hz, which are 1 / Kiy -+, 1 / K. That 1s,
. ) T\ — -\
are the principal curvature radii. A 5 = W
Lemma 3 L= = -
L ATS]‘;J = %Y %{'5)—1' 24S "q\‘,}-

Let X : M — R"™! be a strictly convex solution of

v
%X = —F(H)O

The flow is equivalent to the evolution of the support function of ¥, = X (M, 1)

%S(z, 1) = —F(Als] '), YonS" x [0, T).
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Hyperbolic case 7/ 20

We now describe an analogue geometry in hyperbolic space H"*'.

ec tiongf LWVt
> orting hyperplanes)in Euclidean space are replaced by supporting

=D
horospheres in H"t', which are hypersurfaces with constant principal curvatures
———
ki =1, i=1,---,n
everywhere.

> A domain € in H"*' is called “horospherically convex” (or “h-convex”) for
each p € 012, there is a horosphere enclosing €2 and touching at p. If 92 is
smooth, “h-convexity” is equivalent to that principal curvatures of 0f2 satisfy
ki>1,i=1,---, n.
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Horospheres 8/20

Hn—l—l

lo. ))

R x {0}

In Ponincaré disc model, given each point z € S% there exists a family of
Horospheres touching at z and foliating the whole space.

In hyperboloid model, given a point@ the horospheres touching at z are given

b
’ H.(s) ={X: , (X,(z,1)) =—€'}, seR

where s is the signed distance to the north pole N = (0, 1). Denote B.(s) the
horo-balls enclosed by horospheres H.(s).
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Support function 9/ 20

For eac@we define the horospherical support function of an h-convex 2 by
@:: inf{s e R: Q C B;(s)} = sup{log(—X-(z,1)), X € 9N}.

~————

z€ S8, = oH"!

The horospherical support function completely determines an h-convex domain 2:

Q= ﬂ B (u(z)).

zesn



Recovering the region from support function 10/20

The horospherical Gauss map e : @—) @ ] Veltr X-» ¢/ /V+n+\
e(p) = m(X(p) —v(p)) €5’

where 7(x,y) = y/x is the radial projection from the light cone t {1}.
e~ T N — —_—

If k; > 1 everywhere,

De(v) :EI‘_XZ” ((w) ’

it follows that e is a diffeomorphism from 3 to S”, and we can reparametrize an

h-convex hypersurface using e .

Proposition (Andrews-Chen-W., 2018)

We can reparametrize anmmng the horospherical support function
uby X = X(e '(-)) : S" — H",

_ _ 1, - 1
X(z) = (—e“Vu + (Ee“|Vu|2 — sinhu)z, ie”|Vu|2 + cosh u) :

c—= —
R™
2:%0 - Yoo ARP
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Recovering the region from support function 11/ 20

If k; > 1 everywhere, for eaclf z € S” there is a unique point of 3 touching
0(B(u(z))), which we label as X(z).

Choose local coordinates {x'} for S” near z. We write X(z) as a linear combination of
the basis consisting of the two null elements (z, 1) and (—z, 1), together with (z;,0),
where z; = % forj=1,---,n

X(Z) - @(_Za 1) + 6(27 1) + ij(Zj?O)

for some coefficients «, 3, v/. The idea is to find the coefficients using the facts
> X(Z)EHH+1- C—_> IYI:\I (._.:> tz‘z’_ \(‘O(F‘: -\
_ _ w(z?
> X(z)- (z,1) = —"9 since X(z) € 9B.(u(z)). = ol = "2]: €

» The normal to OS2 coincides with the normal to the horosphere 9B, (u(z)).

@:X —@ (7 1).
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A condition for h-convexity X: st—s | 12/ 20

Given a function u € C*°(S"), we can use the expression

_ _ 1, N 1,
X(z) = (—"Vu,0) + E(e”Wu]z +e )(z, 1)+ 7€ (—z,1)

to define a map to hyperbolic space. The unit normal is given by v = X — e "(z, 1).
Differentiation in z gives -

W = DBX) = we"(z,1) — ¢ (82,0).

Taking the inner product with —(9;z, 0) gives

W —Difg)=e"g;
0V - Dify)=e "8

where

_ N
Ay = —(0X, (02, 0)) =| ViVje" — Je Vu|"gy + sinh ugy |

e~~~

Proposition (Andrews-Chen-W., 2018)

The map X : S” — H""' defined in terms of a function u € C°°(S") is an embedding
of an h-convex hypersurface if and only if the matrix A;[u] is positive definite.
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Remarks 13/20

1. This motivates us to define the hyperbolic principal curvature radii as:

h=— . i=1n | ko)
/%i—l

A similar development was presented by Espinar-Galvez-Mira (2009), but in a
slightly different context: In that paper the ‘horospherically convex’ regions are
those which are intersections of complements of horo-balls (corresponding to
principal curvatures greater than —1 everywhere, while we deal with regions
which are intersections of horo-balls, corresponding to principal curvatures
greater than 1. Our condition is more stringent but is more useful for the
evolution equations we consider later.

. Let r(z) = distgat1(0,X(z)). Then

coshr(z) = %e”|vu|2 + coshu

Differentiation gives sinh r(z)r; = A;;[u]u;. It follows Vr = 0 iff Vu = 0, and
maxse r — maxse U.



Remarks 14 /20

3. We can ask similar questions that have been studied in Euclidean convex
geometry: for example, the Christoffel-Minkowski problem in hyperbolic
space, prescribed curvature problem in hyperbolic space, etc.

4. We can study the geometric flows by smooth functions of the hyperbolic
principal curvature radii (equivalently, of the shifted principal curvature
ki = Kk; — 1), and study the geometric inequalities for h-convex hypersurfaces.
W

Lemma U“" . n)
, Fl-n
LetX: M x [0,T) - H""" bea smooth@ solution to the flow
6 k:’ (\q) . tn )
—X=—-F(k—1)v. :
ot (v = Dy pincipal CyyV oturgs

in H"*'. Then it is equivalent to the following initial value problem

0 —u
Eu__F(e Alu] ™), on gh\(,(-}’—‘)

_uo

onS" x [0,7) Wher@ the @noal support function of >, =




New Quermassintegrals 15/ 20

We next discuss some results on curvature flows by shifted principal curvatures.

We define a new family of ‘modified Quermassintegrals’ in hyperbolic space, which
are natural under the condition of 4-convexity:

k ¥n)
~ o k—i k o e= K‘F\"' n
These are characterised by their variation equation: If then

d ~

¥ pi(k)g.\\e)
- _Z i) N
— Wi () :/ FE dy, EF(Y") : i‘-v( )
5,

dt

where E; = Ei(R) is the kth elementary symmetric function of the “shifted” principal
curvatures R; = k; — 1. Denote fi(r) = Wi(B(r)). We proved
—_——

Theorem (Andrews-Chen-W. 2018)
Let Q C H"™! be a smooth, bounded an(( h—cgonvex slomain. Then

Wi(Q) > fiofy ' (We()), 0<l<k<n (1)

with equality holding if and only if €2 is a geodesic ball.

%;[V) = ch (B“’))



New Quermassintegrals >4 fWi ) < C 16/ 20

ff\;{r) <C

1. The inequalities (1) are new and can be viewed as an improvement of
Wang-Xia’s (2014) result.

2. The proof is by applying the following Quermassintegral preserving flow

with ¢(¢) chosen to keep W,(€2;) constant.

3. Complication: If k > n/2, the < 00. To make sense of the
Theorem we first need to prove that Wi (€2) is in the range of f;.

We prove;@is monotone with respect to inclusion for h-convex domains, i.e.
if 32; = 0 fori = 1,2 are h-convex and ©; C €y, then W;(Q;) < Wi ().
The fact that Wi(Q) < lim,_; o fi () follows since we can always enclose §2 by
a large sphere.

ﬂ W\Cﬂz

N} | —_
y S W) € welt)

N~ — —
VvV



Tded . wnshact 4 Lomily od  h-lopver W4
€Xf0mali/\j drem e to V7

| U., U, be kgwsp}leyicc{} Suppovt gLW%—B?mS °1C N/ Ny
Wele) & W) . 4 z2egh
/%1 '\,{_t l%) — IV] [_([-’%) ello[%) -+ 7(_ el/{((?)) 2 € gn

A;]' ]:u,e:] = vkvjeu — %e”|vu|2§kj + Slnh ugkj
/‘: L()+= f\b‘ . Vv=fu°‘ 7";=f“'
' Y’_{;h) = (]— t) \e.v + '(‘\(’)
= A;jt%'%] = 7 5)' e~ ‘2—’?{_\_7— i‘ﬁ-!l —3_‘) + ZE(\@— ‘&-’)?f)‘
= (|— t ) A} CMQ + + Aij 'CuQ

« 4y 1LT0-450 [+ (gl 7.
SV (-t b+ 8 J

7 (-0 AT + 4 Aylu)

Z e >

°

= O

=) Ut detines  wg - pomiex 94



Inverse mean curvature type flow 17/ 20

We also studied the following inverse mean curvature type flow (with Xianfeng Wang

d Tail Zh 2019
and Tailong Zhou ( ) | Z{_: \S (e X{_[gj) 'ka

v

: —X =
k \ 7 ) ot H—n be n
for@—convex)hypersurfaces in hyperbolic space.

1. The solution >2; expands to infinity in finite time, and is/asymptotically round 1

the sense that the oscillation decays to zero exponentially.

2. This 1s in contrast to the asymptotical behavior of IMCF

in H’ln—H

in hyperbolic space, as André Neves (2010), and P.-K. Hung and M.-T. Wang ]HH{
(2015) constructed examples to show the limiting shape of IMCF in hyperbolic
space is not necessarily round.
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Locally constrained curvature flow 18/ 20
With Haizhong Li and Yingxiang Hu (2020), we introduced a new locally

constrained curvature flow (7~ shimgf
gX = <(coshr — (sinh r0,, v)) Elf_l — (sinh r0,, y>) v -B
t 2 - e5timk
for hypersurfaces in hyperbolic space. F - eskimad_

1. The convergence to a geodesic sphere can be proved ypersurfaces
"

in hyperbolic space.

- : — (hape o
@ The flow preserves@and decreases Wi . Q: Stay— ¢ pe

t g4 > Lol
@ New optimal geometric inequalities b =90 = {JV? e’y

n+1—2k
/uLk > cax|X]
5

for h-convex hypersurfaces. The case k = 1 was proved by Brendle, Hung and
Wang (2012) for mean convex and star-shaped hypersurfaces.
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Concluding remarks 19/ 20

In this course, we discussed the hypersurface curvature flows in Euclidean space and
in hyperbolic space, with focus on their applications in geometric inequalities:

Isoperimetric inequailty, @mdrov — Fenchel inequalities:

There are many other interesting topics on hypersurface flows:

1. Mean curvature flow and fully nonlinear contracting curvature flows:
Singularity analysis and apphcatlon in topology ’] . ¢ 0)\4 wey

S
2. Curvature flows in general amlgxent g{)ace and for hypersurfaces with bouné}fy

-~

3. Application in ¢onvex g—eﬁﬁp iw VZH VA C-Xin

4 Yon tompact in W2

Other geometric flows: Ricci flow, Kéhler Ricci flow, Harmonic map heat flow,
Yang-Mills flow, G»-Laplacian flow, etc. They are (degenerate) parabolic equations /
systems of certain geometric structures on a Riemannian manifold. The main
motivation is the application in geometric and topology of the underlying manifold.



Thank you!

-Q & A.
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