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1. Motivation

F The problem:⎧⎨⎩−Δ𝑢 = 𝑢
𝑁+2
𝑁−2 + 𝜀𝑢, 𝑢 > 0, in Ω,

𝑢 = 0, on 𝜕Ω.
(1)

𝜀 > 0 is a small parameter, 𝑁 ≥ 3.

Determine the number of solutions of (1) as 𝜀 > 0

small.
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Problem (1) has been investigated extensively.

� 𝜀 = 0:

Nonexistence :

Pohozaev (65’) : Ω is star-shaped; Passasseo

(93’), · · ·
Existence :

Coron(83’); Bahri-Coron(88’); Weiyue Ding(89’);

· · ·

Shuangjie Peng (CCNU) the number of solutions 4 / 43



� 𝜀 > 0:

Existence :

Brezis-Nirenberg (83’) : 𝜀 ∈ (0, 𝜆1) for 𝑁 ≥ 4,

𝜀 ∈ (𝜆*, 𝜆1) for 𝑁 = 3.

Struwe; Lions; · · · · · ·
Asymptotic behavior as 𝜀→ 0+ :

Brezis-Peletier(89’); Han(91’); Rey(90’); Y.-Y.

Li(91’); · · · · · ·
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⎧⎨⎩−Δ𝐺(𝑥, ·) = 𝛿𝑥, in Ω,

𝐺(𝑥, ·) = 0, on 𝜕Ω.

𝐺(𝑥, 𝑦) has the form

𝐺(𝑥, 𝑦) = 𝑆(𝑥, 𝑦)−𝐻(𝑥, 𝑦), (𝑥, 𝑦) ∈ Ω× Ω,

𝑆(𝑥, 𝑦) =
1

(𝑁 − 2)𝜔𝑁 |𝑦 − 𝑥|𝑁−2
is the singular part;

𝐻(𝑥, 𝑦) is the regular part;

𝑅(𝑥) := 𝐻(𝑥, 𝑥) Robin function.
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Rey(90’) proved:

If a solution 𝑢𝜀 of (1) satisfies

|∇𝑢𝜀|2 ⇀ 𝑆𝑁/2𝛿𝑥0
, as 𝜀→ 0, (2)

then 𝑥0 is a critical point of 𝑅(𝑥).

If 𝑥0 is a nondegenerate critical point of 𝑅(𝑥) and

𝑁 ≥ 5, then (1) has a solution 𝑢𝜀 satisfying (2).
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Uniqueness:

Glangetas(93’) (degree argument): the solution 𝑢𝜀 of

(1) satisfying (2) is unique for 𝜀 small enough.

Cao, Yan, et al.(99’,03’),· · · · · ·

Cao, Deng , Yan, Guo, Lin, Peng, · · · · · · , since
2017, Local Pohozaev identities argument
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Multi-bubble solutions:

𝑈𝑥,𝜆(𝑦) = 𝐶𝑁
𝜆(𝑁−2)/2

(1 + 𝜆2|𝑦 − 𝑥|2)(𝑁−2)/2

solves uniquely

−Δ𝑢 = 𝑢
𝑁+2
𝑁−2 , 𝑢 > 0 in R𝑁 .

Set

𝐴 =

∫︁
R𝑁

𝑈
𝑁+2
𝑁−2

0,1 , 𝐵 =

∫︁
R𝑁

𝑈 2
0,1.
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Ψ𝑘(𝑥, 𝜆) = 𝐴2
(︁
𝑀𝑘(𝑥)𝜆

(𝑁−2)/2, 𝜆(𝑁−2)/2
)︁
−𝐵

𝑘∑︁
𝑗=1

𝜆2
𝑗 ,

𝜆(𝑁−2)/2 =
(︁
𝜆

(𝑁−2)/2
1 , · · · , 𝜆(𝑁−2)/2

𝑘

)︁𝑇

;

𝑀𝑘(𝑥) =
(︁
𝑚𝑖𝑗(𝑥)

)︁
1≤𝑖,𝑗≤𝑘

is a matrix

𝑚𝑖𝑖(𝑥) = 𝑅(𝑥𝑖), 𝑚𝑖𝑗(𝑥) = 𝐺(𝑥𝑖, 𝑥𝑗), if 𝑖 ̸= 𝑗.
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Musso and Pistoia(02’): there exists a family of

solutions to (1) satisfying

|∇𝑢𝜀|2 ⇀ 𝑆𝑁/2
𝑘∑︁

𝑖=1

𝛿𝑎𝑖, as 𝜀→ 0, (3)

if 𝑁 ≥ 5, (𝑎𝑘,Λ𝑘) is a nondegenerate critical point of

Ψ𝑘 with 𝑎𝑘 = (𝑎1, · · · , 𝑎𝑘) and some Λ𝑘 = (𝜆1, · · · , 𝜆𝑘).

Our aim: determine the exact number of positive
solutions to (1) for small 𝜀.
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2. Necessary conditions

Theorem 2.1 [Cao-Luo-P, Tran. Amer. Math. Soc., to appear]

𝑢𝜀(𝑥) is a solution of (1) with (3), then 𝑀𝑘(𝑎
𝑘) is a

non-negative matrix with 𝑎𝑘 = (𝑎1, · · · , 𝑎𝑘) and

𝑢𝜀 =
𝑘∑︁

𝑗=1

𝑃𝑈𝑥𝑗,𝜀,𝜆𝑗,𝜀
+ 𝑤𝜀(𝑥),

𝜆𝑗,𝜀 =
(︀
𝑢𝜀(𝑥𝑗,𝜀)

)︀ 2
𝑁−2 → +∞, 𝑥𝑗,𝜀 → 𝑎𝑗, ‖𝑤𝜀‖ = 𝑜(1).
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Theorem 2.1 [Cao-Luo-P, continuity]

Moreover, if 𝑀𝑘(𝑎
𝑘) is a positive matrix, then

0 < 𝐶1 ≤ 𝜀
1

𝑁−4𝜆𝑗,𝜀 ≤ 𝐶2 < +∞. (4)

Furthermore if we denote (by choosing subsequence)

𝜆𝑗 := lim
𝜀→0

(︀
𝜀

1
𝑁−4𝜆𝑗,𝜀

)︀−1
, for 𝑗 = 1, · · · , 𝑘,

Then (𝑎𝑘,Λ𝑘) is a critical point of Ψ𝑘 with

𝑎𝑘 = (𝑎1, · · · , 𝑎𝑘) and Λ𝑘 = (𝜆1, · · · , 𝜆𝑘).
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Remarks

1. (4) was usually proposed as assumptions, see

Bahri-Li-Rey(95’).

2. When Ω is convex, Grossi(10’) proved that, if 𝑘 ≥ 2

it is impossible that

∇Ψ𝑘(𝑎
𝑘,Λ𝑘) = 0.

Theorem 2.1 implies that (1) has no solutions

blowing-up at multi-points on convex domain.
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3. By Caffarelli(85’) and Cardaliaguet-Tahraoui(02’),

in a convex domain, the Robin function 𝑅(𝑥) is convex

and has a unique critical point, which is also

non-degenerate if 𝑁 = 2. But if 𝑁 ≥ 3, the

non-degeneracy of the critical point is unknown. If this

is ture, then problem (1) has a unique solution for 𝜀

small enough when 𝑁 ≥ 5 and Ω is a convex domain.
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Ideas of the proof:

Step 1: Shape of 𝑢𝜀 away from the bubble points

𝑢𝜀(𝑥) = 𝐴
(︁ 𝑘∑︁

𝑗=1

𝐺(𝑥𝑗,𝜀, 𝑥)

(𝜆𝑗,𝜀)(𝑁−2)/2

)︁
+𝑂

(︁ 1

𝜆
(𝑁+2)/2
𝜀

+
𝜀

𝜆
(𝑁−2)/2
𝜀

)︁
+𝑜

(︁ 𝜀

𝜆2
𝜀

)︁
, in 𝐶1

(︁
Ω∖

𝑘⋃︁
𝑗=1

𝐵2𝑑(𝑥𝑗,𝜀)
)︁
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Step 2: description of 𝜆𝑗,𝜀

By Loacl Pohozaev identity

−
∫︁
𝜕Ω′

𝜕𝑢𝜀
𝜕𝜈

⟨︀
𝑥− 𝑥𝑗,𝜀,∇𝑢𝜀

⟩︀
+

1

2

∫︁
𝜕Ω′

|∇𝑢𝜀|2
⟨︀
𝑥− 𝑥𝑗,𝜀, 𝜈

⟩︀
+

2−𝑁

2

∫︁
𝜕Ω′

𝜕𝑢𝜀
𝜕𝜈

𝑢𝜀

=
𝑁 − 2

2𝑁

∫︁
𝜕Ω′

𝑢
2𝑁
𝑁−2
𝜀

⟨︀
𝑥− 𝑥𝑗,𝜀, 𝜈

⟩︀
+
𝜀

2

∫︁
𝜕Ω′

𝑢2
𝜀

⟨︀
𝑥− 𝑥𝑗,𝜀, 𝜈

⟩︀
− 𝜀

∫︁
Ω′
𝑢2
𝜀,

(5)
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We find

Λ𝑁−2
𝑗,𝜀 𝑅(𝑥𝑗,𝜀)−

𝑘∑︁
𝑙 ̸=𝑗

Λ
(𝑁−2)/2
𝑗,𝜀 Λ

(𝑁−2)/2
𝑙,𝜀 𝐺(𝑥𝑗,𝜀, 𝑥𝑙,𝜀)

=
2𝐵

𝐴2(𝑁 − 2)
Λ2
𝑗,𝜀 + 𝑜

(︁
(Λ𝑘

𝜀)
𝑁−2

)︁
,

(6)

where

Λ𝑗,𝜀 :=
(︁
𝜀

1
𝑁−4𝜆𝑗,𝜀

)︁−1

.
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Using
1

𝑘

𝑘∑︁
𝑙=1

Λ𝑁−2
𝑙,𝜀 ≤ (Λ𝑘

𝜀)
𝑁−2 ≤

𝑘∑︁
𝑙=1

Λ𝑁−2
𝑙,𝜀 , (6) says

𝜇⃗𝑘,𝜀

(︁
𝑀𝑘(𝑥𝜀)+𝑜(1)

)︁
𝜇⃗𝑇𝑘,𝜀 =

2𝐵

𝐴2(𝑁 − 2)
diag

(︀
Λ2

1,𝜀, · · · ,Λ2
𝑘,𝜀

)︀
,

(7)

𝜇⃗𝑘,𝜀 =
(︀
Λ

(𝑁−2)/2
1,𝜀 , · · · ,Λ(𝑁−2)/2

𝑘,𝜀

)︀
, 𝑥𝜀 = (𝑥1,𝜀, · · · , 𝑥𝑘,𝜀).

(7) reads that 𝑀𝑘(𝑎
𝑘) is a non-negative matrix.

Moreover, if 𝑀𝑘(𝑎
𝑘) is a positive matrix, we obtain the

estimate for 𝜆𝑗,𝜀. Letting 𝜀→ 0 in (6), we find

∇𝜆Ψ𝑘(𝑎
𝑘,Λ𝑘) = 0.
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Step 3: description of 𝑥𝑗,𝜀

By Loacl Pohozaev identity

−
∫︁
𝜕Ω′

𝜕𝑢𝜀
𝜕𝜈

𝜕𝑢𝜀
𝜕𝑥𝑖

+
1

2

∫︁
𝜕Ω′

|∇𝑢𝜀|2𝜈𝑖 =
𝑁 − 2

2𝑁

∫︁
𝜕Ω′

𝑢
2𝑁
𝑁−2
𝜀 𝜈𝑖

+
𝜀

2

∫︁
𝜕Ω′

𝑢2
𝜀𝜈𝑖,

We have

Λ𝑁−2
𝑗,𝜀

2

𝜕𝑅(𝑥𝑗,𝜀)

𝜕𝑥𝑖
−

𝑘∑︁
𝑙=1,𝑙 ̸=𝑗

Λ
(𝑁−2)/2
𝑗,𝜀 Λ

(𝑁−2)/2
𝑙,𝜀

𝜕𝐺(𝑥𝑗,𝜀, 𝑥𝑙,𝜀)

𝜕𝑥𝑖

= 𝑂
(︁ 1

𝜆2
𝜀

)︁
.
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3. Local uniqueness

Theorem 3.1 [Cao-Luo-P, Tran. Amer. Math. Soc., to appear]

Let 𝑁 ≥ 6. Assume that 𝑢𝑖𝜀(𝑥) (𝑖 = 1, 2) are two

sequences of solutions of (1) with (3). If 𝑀𝑘(𝑎
𝑘) is a

positive matrix, (𝑎𝑘,Λ𝑘) is a nondegenerate critical

point of Ψ𝑘. Then 𝑢
1
𝜀 = 𝑢2

𝜀 for 𝜀 > 0 sufficiently small.
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Step 1: Blowing up

Assume 𝑢
(𝑖)
𝜀 (𝑥) (𝑖 = 1, 2) are different. Set

𝜉𝜀(𝑥) =
𝑢

(1)
𝜀 (𝑥)− 𝑢

(2)
𝜀 (𝑥)

‖𝑢(1)
𝜀 − 𝑢

(2)
𝜀 ‖𝐿∞(Ω)

, (8)

then 𝜉𝜀(𝑥) satisfies ‖𝜉𝜀‖𝐿∞(Ω) = 1 and

−Δ𝜉𝜀(𝑥) = 𝐶𝜀(𝑥)𝜉𝜀(𝑥) + 𝜀𝜉𝜀(𝑥), (9)

where

𝐶𝜀(𝑥) =
(︁𝑁 + 2

𝑁 − 2

)︁∫︁ 1

0

(︁
𝑡𝑢(1)

𝜀 (𝑥) + (1− 𝑡)𝑢(2)
𝜀 (𝑥)

)︁ 4
𝑁−2

𝑑𝑡.
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Let 𝜉𝜀,𝑗(𝑥) = 𝜉𝜀(
𝑥

𝜆
(1)
𝑗,𝜀

+ 𝑥
(1)
𝑗,𝜀 ), then for any 𝑅 > 0,

𝜉𝜀,𝑗(𝑥) →
𝑁∑︁
𝑖=0

𝑐𝑗,𝑖𝜓𝑖(𝑥), uniformly in 𝐶1
(︀
𝐵𝑅(0)

)︀
, (10)

where 𝑐𝑗,𝑖, 𝑖 = 0, 1, · · · , 𝑁 are some constants and

𝜓0(𝑥) =
𝜕𝑈0,𝜆(𝑥)

𝜕𝜆

⃒⃒⃒
𝜆=1

, 𝜓𝑖(𝑥) =
𝜕𝑈0,1(𝑥)

𝜕𝑥𝑖
, 𝑖 = 1, · · · , 𝑁.

We need prove 𝑐𝑗,𝑖 = 0.
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Step 2: 𝑐𝑗,0 = 0, 𝑗 = 1, · · · , 𝑘.

1

2

∫︁
𝜕Ω′

⟨︀
∇(𝑢(1)

𝜀 + 𝑢(2)
𝜀 ),∇𝜉𝜀

⟩︀⟨︀
𝑥− 𝑥

(1)
𝑗,𝜀 , 𝜈

⟩︀
−

∫︁
𝜕Ω′

𝜕𝜉𝜀
𝜕𝜈

⟨︀
𝑥− 𝑥

(1)
𝑗,𝜀 ,∇𝑢

(1)
𝜀

⟩︀
+

2−𝑁

2

∫︁
𝜕Ω′

𝜕𝜉𝜀
𝜕𝜈

𝑢(1)
𝜀

−
∫︁
𝜕Ω′

𝜕𝑢
(2)
𝜀

𝜕𝜈

⟨︀
𝑥− 𝑥

(1)
𝑗,𝜀 ,∇𝜉𝜀

⟩︀
+

2−𝑁

2

∫︁
𝜕Ω′

𝜕𝑢
(2)
𝜀

𝜕𝜈
𝜉𝜀

=

∫︁
𝜕Ω′

𝐷𝜀(𝑥)𝜉𝜀
⟨︀
𝑥− 𝑥

(1)
𝑗,𝜀 , 𝜈

⟩︀
+ 𝜀

∫︁
𝜕Ω′

(𝑢(1)
𝜀 + 𝑢(2)

𝜀 )𝜉𝜀
⟨︀
𝑥− 𝑥

(1)
𝑗,𝜀 , 𝜈

⟩︀
− 𝜀

∫︁
Ω′
(𝑢(1)

𝜀 + 𝑢(2)
𝜀 )𝜉𝜀.
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(𝑁 − 10)𝑑𝑗,𝜀

(︁ 𝑅(𝑥
(1)
𝑗,𝜀 )

(𝜆
(1)
𝑗,𝜀 )

𝑁−2
−

𝑘∑︁
𝑙 ̸=𝑗

𝐺(𝑥
(1)
𝑗,𝜀 , 𝑥

(1)
𝑙,𝜀 )

(𝜆
(1)
𝑗,𝜀 )

(𝑁−2)/2(𝜆
(1)
𝑙,𝜀 )

(𝑁−2)/2

)︁

+ (𝑁 − 2)
(︁𝑑𝑗,𝜀𝑅(𝑥(1)

𝑗,𝜀 )

(𝜆
(1)
𝑗,𝜀 )

𝑁−2
−

𝑘∑︁
𝑙 ̸=𝑗

𝑑𝑙,𝜀𝐺(𝑥
(1)
𝑗,𝜀 , 𝑥

(1)
𝑙,𝜀 )

(𝜆
(1)
𝑗,𝜀 )

(𝑁−2)/2(𝜆
(1)
𝑙,𝜀 )

(𝑁−2)/2

)︁
=𝑜

(︁ 1

𝜆̄
3(𝑁−2)/2
𝜀

)︁
.

⇒ (𝑁 − 2)𝐴2𝑐𝑗,0

8(𝜆
(1)
𝑗,𝜀 )

(𝑁−2)/2
:= 𝑑𝑗,𝜀 = 𝑜

(︁ 1

𝜆̄𝑁−2
𝜀

)︁
.
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Step 3: 𝑐𝑗,𝑖 = 0, 𝑗 = 1, · · · , 𝑘, 𝑖 = 1, · · · , 𝑁.

−
∫︁
𝜕Ω′

𝜕𝜉𝜀
𝜕𝜈

𝜕𝑢
(1)
𝜀

𝜕𝑥𝑖
−
∫︁
𝜕Ω′

𝜕𝑢
(2)
𝜀

𝜕𝜈

𝜕𝜉𝜀
𝜕𝑥𝑖

+
1

2

∫︁
𝜕Ω′

⟨︀
∇(𝑢(1)

𝜀 + 𝑢(2)
𝜀 ),∇𝜉𝜀

⟩︀
𝜈𝑖

=
𝑁 − 2

2𝑁

∫︁
𝜕Ω′

𝐷𝜀(𝑥)𝜉𝜀𝜈𝑖 + 𝜀

∫︁
𝜕Ω′

(𝑢(1)
𝜀 + 𝑢(2)

𝜀 )𝜉𝜀𝜈𝑖,
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(︁
𝐷2

𝑥𝑥Ψ𝑘(𝑥, 𝜆)
)︁

(𝑎𝑘,Λ𝑘)=(𝑥̄𝜀,𝜆̄𝜀)

̃︀𝐶𝜀,𝑘 = 𝑜(1),

̃︀𝐶𝜀,𝑘 = (𝑐𝜀,1,1, 𝑐𝜀,1,2 · · · , 𝑐𝜀,𝑘,𝑁)𝑇 .

(𝑎𝑘,Λ𝑘) is a nondegenerate critical point of Ψ𝑘, then

𝑐𝜀,𝑗,𝑖 = 𝑜(1), 𝑗 = 1, · · · , 𝑘, 𝑖 = 1, · · · , 𝑁. (11)
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Main tasks:

1. The estimate for 𝑢𝑖𝜀;

2. The estimate for 𝜉𝜀 :

𝜉𝜀(𝑥) =
𝑘∑︁

𝑗=1

𝐴𝜀,𝑗𝐺(𝑥
(1)
𝑗,𝜀 , 𝑥) +

𝑘∑︁
𝑗=1

𝑁∑︁
𝑖=1

𝐵𝜀,𝑗,𝑖𝜕𝑖𝐺(𝑥
(1)
𝑗,𝜀 , 𝑥)

+

⎧⎪⎪⎨⎪⎪⎩
𝑂
(︁ ln 𝜆̄𝜀
𝜆̄4
𝜀

)︁
, 𝑁 = 5,

𝑂
(︁ ln 𝜆̄𝜀
𝜆̄𝑁𝜀

)︁
, 𝑁 ≥ 6,

in 𝐶1
(︁
Ω∖

𝑘⋃︁
𝑗=1

𝐵2𝑑(𝑥
(1)
𝑗,𝜀 )

)︁

3.
⃒⃒
𝑥

(1)
𝑗,𝜀 − 𝑥

(2)
𝑗,𝜀

⃒⃒
= 𝑜

(︁ 1

𝜆2
𝜀

)︁
,
⃒⃒
𝜆𝑗 −

(︀
𝜀

1
𝑁−4𝜆𝑗,𝜀

)︀−1⃒⃒
= 𝑂

(︁ 1

𝜆2
𝜀

)︁
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4. The number of bubble solutions

𝑆𝑘 =
{︁
(𝑎𝑘,Λ𝑘) = (𝑎1, · · · , 𝑎𝑘, 𝜆1, · · · , 𝜆𝑘),

∇𝑥,𝜆Ψ𝑘(𝑎
𝑘,Λ𝑘) = 0

}︁
.

Theorem 4.1 [Cao-Luo-P, Tran. Amer. Math. Soc., to appear]

Let 𝑁 ≥ 6, for any given (𝑎𝑘,Λ𝑘) ∈ 𝑆𝑘, 𝑀𝑘(𝑎
𝑘) is

positive, (𝑎𝑘,Λ𝑘) is nondegenerate. Then the number of

solutions to (1) satisfying (3) is ♯𝑆𝑘.
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Assumption A: The problem⎧⎨⎩−Δ𝑢 = 𝑢
𝑁+2
𝑁−2 , 𝑢 > 0, in Ω,

𝑢 = 0, on 𝜕Ω,
(12)

has no solutions.

Denote the largest number of blow-up points by

𝑘0 and define

𝑇𝑘 =
{︁
(𝑎𝑘,Λ𝑘)∇𝑥,𝜆Ψ𝑘(𝑎

𝑘,Λ𝑘) = 0
}︁
.
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Theorem 4.2 [Cao-Luo-P, Tran. Amer. Math. Soc., to appear]

Let 𝑁 ≥ 6 and domain Ω satisfies Assumption A.

For any 𝑘 ∈ [1, 𝑘0] and any (𝑎𝑘,Λ𝑘) ∈ 𝑇𝑘, suppose that

𝑀𝑘(𝑎
𝑘) is positive, (𝑎𝑘,Λ𝑘) is nondegenerate. Then

the number of solutions to (1) =

𝑘0∑︁
𝑘=1

♯𝑇𝑘.

Remark: For the case 𝑁 = 4, 5, our argument does

not work !
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5. A uniqueness result of bubble solutions

{︃
−Δ𝑢 = 𝑢2*−1, 𝑢 > 0 𝑖𝑛 Ω𝜀,

𝑢 = 0, 𝑜𝑛 𝜕Ω𝜀,
(13)

𝐷 is star-shaped with respect to some point 𝑥0 ∈ 𝐷,

Ω𝜀 = 𝐷 ∖𝐵𝜀(𝑝), and 𝑝 ∈ 𝐷.
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Let 𝑢𝜀 be a solution, satisfying∫︁
Ω𝜀

|∇𝑢𝜀|2 ≤ 𝐶, (14)

as 𝜀→ 0. Then 𝑢𝜀 ⇀ 0, since

−Δ𝑢 = 𝑢2*−1, 𝑢 ≥ 0 𝑖𝑛 𝐷, 𝑢 = 0, 𝑜𝑛 𝜕𝐷,

has only zero solution. Therefore, standard blow-up

argument yields to

𝐼𝜀(𝑢𝜀) →
𝑘

𝑁
𝑆

𝑁
2 , as 𝜀→ 0, (15)

for some positive integer 𝑘, where

𝐼𝜀(𝑢) =
1

2

∫︁
Ω𝜀

|∇𝑢|2 − 1

2*

∫︁
Ω𝜀

|𝑢|2*.
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By Coron’s result, if 𝜀 > 0 is small enough, (13)

has a solution 𝑢𝜀, satisfying

𝐼𝜀(𝑢𝜀) ∈
(︀ 1
𝑁
𝑆

𝑁
2 ,

2

𝑁
𝑆

𝑁
2

)︀
. (16)

Moreover, as 𝜀→ 0, it holds

𝐼𝜀(𝑢𝜀) →
1

𝑁
𝑆

𝑁
2 . (17)

If Ω𝜀 = 𝐵1(0) ∖𝐵𝜀(0), by the mountain pass

lemma in radially symmetric space, (13) has a radially

symmetric solution 𝑢𝜀 for any 𝜀 ∈ (0, 1).

A natural question: any solution 𝑢𝜀 satisfying

(14) as 𝜀→ 0 is radial.
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Theorem 5.1 [P-Yan,etc, 2020]

If 𝐷 is star-shaped with respect to some point in 𝐷

and 𝑝 ∈ 𝐷, then, for 𝜀 > 0 small, solution 𝑢𝜀 of (13),

satisfying (15) for 𝑘 = 1, is unique.

Theorem 5.2 [P-Yan,etc, 2020]

𝐷 is bounded convex domain in R𝑁 with smooth

boundary. Let 𝑝 ∈ 𝐷 be the unique minimum point of

the Robin function 𝑅(𝑥). Then, (13) has no 𝑢𝜀

satisfying (15) for 𝑘 ≥ 2.
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Theorem 5.3 [P-Yan,etc, 2020]

Under the same conditions as in Theorem 5.2, solution

𝑢𝜀 of (13), satisfying (14), is unique. In particular, if

Ω𝜀 = 𝐵1(0) ∖𝐵𝜀(0), then any solution 𝑢𝜀 of (13),

satisfying (14), must be radial.
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Outline of the proof:

Step 1: the rough profile of 𝑢𝜀:

Let 𝑢𝜀 satisfying 𝐼𝜀(𝑢𝜀) → 𝑘
𝑁𝑆

𝑁
2 . Take 𝑥𝜀 ∈ 𝐷 and

𝜇𝜀 → +∞ as 𝜀→ 0. Make the change of variable

𝑦 = 𝜇𝜀(𝑥− 𝑥𝜀), then the domain

Ω𝜀,𝑥𝜀,𝜇𝜀
:=

{︀
𝑦 : 𝜇−1

𝜀 𝑦 + 𝑥𝜀 ∈ Ω𝜀

}︀
approaches to either

R𝑁 , or R𝑁
+ or R𝑁 ∖𝐵𝛿(𝑥0) for some 𝑥0 ∈ R𝑁 and 𝛿 > 0.

Moreover, as 𝜀→ 0, 𝜇
−𝑁−2

2
𝜀 𝑢𝜀(𝜇

−1
𝜀 𝑦 + 𝑥𝜀) → 𝑢 weakly in

𝐻1, and 𝑢 is a non-negative solution of

−Δ𝑢 = 𝑢2*−1.
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The problem

−Δ𝑢 = 𝑢2*−1, 𝑢 > 0, 𝑢 ∈ 𝐻1
0(Ω),

has no solution if Ω = R𝑁
+ , or Ω = R𝑁 ∖𝐵𝛿(𝑥0), we find

that Ω𝜀,𝑥𝜀,𝜇𝜀
must approach to R𝑁 as 𝜀→ 0. Hence

𝜇𝜀𝑑(𝑥𝜀, 𝜕𝐷) → +∞, (18)

and

𝜇𝜀𝜀→ 0, if 𝜇𝜀𝑑(𝑥𝜀, 𝜕𝐵𝜀(0)) → 𝑡 <∞. (19)
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𝑢𝜀 =
𝑘∑︁

𝑗=1

𝑃𝜀𝑈𝑥̄𝜀,𝑗 ,𝜇̄𝜀,𝑗
+ 𝜔̄𝜀,

where 𝑥̄𝜀,𝑗 ∈ 𝐷, 𝜇̄𝜀,𝑗 > 0, and as 𝜀→ 0, 𝜇̄𝜀,𝑗 → +∞,

𝜀𝑖𝑗 :=
(︁ 1

𝜇̄𝜀,𝑗

𝜇̄𝜀,𝑖
+

𝜇̄𝜀,𝑖

𝜇̄𝜀,𝑗
+ 𝜇̄𝜀,𝑖𝜇̄𝜀,𝑗|𝑥̄𝜀,𝑖 − 𝑥̄𝜀,𝑗|2

)︁𝑁−2
2 → 0.

𝐽0 = {𝑗 : (𝑥̄𝜀,𝑗, 𝜇̄𝜀,𝑗) : 𝑥̄𝜀,𝑗 ∈ 𝐷, 𝑑(𝑥̄𝜀,𝑗, 𝜕𝐵𝜀(0))𝜇̄𝜀,𝑗 ≤ 𝐶},

𝐽1 = {𝑗 : (𝑥̄𝜀,𝑗, 𝜇̄𝜀,𝑗) : 𝑥̄𝜀,𝑗 ∈ Ω𝜀, 𝑥̄𝜀,𝑗 → 0,

𝑑(𝑥̄𝜀,𝑗, 𝜕𝐵𝜀(0))𝜇̄𝜀,𝑗 >> 1},

𝐽2 = {𝑗 : (𝑥̄𝜀,𝑗, 𝜇̄𝜀,𝑗) : 𝑥̄𝜀,𝑗 ∈ Ω𝜀, 𝑥̄𝜀,𝑗 → 𝑥𝑗 ̸= 0}.
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Step 2: Adjustment of 𝑢𝜀:

Consider

inf
{︀

‖𝑢𝜀 −
∑︀𝑘

𝑗=1 𝑃𝜀𝑈𝑥𝑗 ,𝜇𝑗
‖2 :

𝜇𝑗 ∈ [𝑐0𝜇̄𝜀,𝑗, 𝑐1𝜇̄𝜀,𝑗], |𝑥𝑗 − 𝑥̄𝜀,𝑗| ≤ 1
𝑐20𝜇̄𝜀,𝑗

, 𝑗 = 1, · · · 𝑘
}︀
.

We can write

𝑢𝜀 =
𝑘∑︁

𝑗=1

𝑃𝜀𝑈𝑥𝜀,𝑗 ,𝜇𝜀,𝑗
+ 𝜔𝜀, 𝜔 ∈ 𝐸𝑥𝜀,𝜇𝜀,𝑘, (20)

and ‖𝜔‖ → 0.
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The bubbles can be classified into three types:

𝐽0 = {𝑗 : (𝑥𝜀,𝑗, 𝜇𝜀,𝑗) : 𝑥𝜀,𝑗 ∈ 𝐷, 𝑑(𝑥𝜀,𝑗, 𝜕𝐵𝜀(𝑃 ))𝜇𝜀,𝑗 ≤ 𝐶},

𝐽1 = {𝑗 : (𝑥𝜀,𝑗, 𝜇𝜀,𝑗) : 𝑥𝜀,𝑗 ∈ Ω𝜀, 𝑥𝜀,𝑗 → 𝑃,

𝑑(𝑥𝜀,𝑗, 𝜕𝐵𝜀(𝑃 ))𝜇𝜀,𝑗 >> 1},

and

𝐽2 = {𝑗 : (𝑥𝜀,𝑗, 𝜇𝜀,𝑗) : 𝑥𝜀,𝑗 ∈ Ω𝜀, 𝑥𝜀,𝑗 → 𝑥𝑗 ̸= 𝑃}.
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Step 3: Much more complicated:

If 𝐷 is star-shaped with respect to some point in

𝐷, then, for 𝜀 > 0 small, solution 𝑢𝜀 of (13), satisfying

(20) for 𝑘 = 1, is unique. If 𝐷 is convex and 𝑝 ∈ 𝐷 is

the unique minimum point of the Robin function 𝑅(𝑥),

then, for 𝜀 > 0 small, (13) has no 𝑢𝜀 satisfying (20) for

𝑘 ≥ 2.
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Thank you !
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