BB AL ST 19 A 69 X - AR UE T ik

# A

email: handr@buaa.edu.cn

2020-10-22



Outline

Introduction
User Equilibrium vs System Optimum

Marginal Cost Based Schemes

Congestion Control for Bounded Flows

Summary



UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost



UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox




UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox




UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox




UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox

average latency=1+0.5=1.5




UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox




UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox




UE & SO

» Users select routes with least cost
» The manager tries to minimize the whole costs of the network

» Different total system cost

Braess’s Paradox

average latency= 1412




Two Basic Questions

w2
C

£ How much?



Two Basic Questions

-2
e e

£~ How much?

L
C

" How to drive UE to SO?



Price of Anarchy

Find the upper bound of the ratio between the system cost
occurred at UE and at SO

PoA = -

v
=

x: Path flow at UE;
» x: Path flow at SO.



Mathematical Model for UE and SO

G = (V, E): a directed network, A: edge-path incidence matrix. x:
path flow vector f: edge flow vector

f=Ax, x>0.
T': path-OD pair incidence matrix

d=Tx, x>0.

= Ly, if x, > 0,
1,(X) { a o Ywe W,
> fhys ifx, =0,

where p,, is the minimum cost between OD pair w € W.



Mathematical Model for UE and SO

User Equilibrium

t,(%) = ph, ifx, >0, peP,
tP(}_C) Z Hws lf}_Cp = Oa P € P’
DY (d) = py, ifd, >0, weWw,

w

DY (d) > juy, ifd, =0, we W.
Variational Inequality Problem:
()T (x=%) =D7'(d)"(d —d) 20, Y(x,d)

System Optimum

dy
min 1(x) Tx — Z/o D, (w)dw

(rd)est wew

€ Q,



Tolled System

Under tolled network, users select routes with least generalized costs

,(X) + 7 = b, ifX, >0, p€P,
t(X) + 15 > fb, ifX, =0, peP,
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Tolled System

Under tolled network, users select routes with least generalized costs

t(X) + 7 = p, ifX, >0, pEP,
t(X) +7p > p, ifX, =0, peP,
D, (d) = py, ifd, >0, weW,
D, (d) > p,, ifd, =0, weW.

Variational Inequality Problem:
(@) +7) (x=%) =D '(d)"(d —d) >0, ¥(x,d) €, (3)
If 7 = Vi(x*)x*, then UE under such toll scheme is x*, SO.

Bad News: Demand functions unknown, impossible to find x*
Good News: Responses of the users can be observed.



Task

Mathematically, the problem is to design a toll scheme 7, such that
the UE under such toll scheme is the SO. Given 7;, one can get
solution x* of the variational inequality problem

(@) + ) (x—%) =D Ndy) " (d —dy) >0, Y(x,d) € Q. (4)
Then, how to updates 7, such that

lim x, = x*7
k— o0



Task

Mathematically, the problem is to design a toll scheme 7, such that
the UE under such toll scheme is the SO. Given 7;, one can get
solution x* of the variational inequality problem

(@) + ) (x—%) =D Ndy) " (d —dy) >0, Y(x,d) € Q. (4)
Then, how to updates 7, such that
Lo ko
klggoxk .

{(1t,%)} = D~! = Solve SO = x* — 7*?



Method of Successive Averaging (Yang et al 04)
Step 0. Initialization. {2} feasible link flows, k = 0.
Step 1. Estimate Link tolls.
i = Vi(VWE.
Step 2. Observe link flows v and set
V= F oy (78 V).

Setk:=k+ 1 and go to Step 1.
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Method of Successive Averaging (Yang et al 04)
Step 0. Initialization. {2} feasible link flows, k = 0.
Step 1. Estimate Link tolls.
i = Vi(VWE.
Step 2. Observe link flows v and set
V= F oy (78 V).
Setk:=k+ 1andgo to Step 1.

» Convergence condition: 0 < oy < 1, >~ oy = 400,
> ag < +oo.

» Converges very slowly!



Enhanced Trial-and-Error (H. & Yang 09)
Step 1. Estimate Link tolls: 7, = T'(*) := V(¥ k.
Step 2. Observe link flows ¥ and set
VL = max {vF — awh(v)), 0},

where

and

Y ek ol it Ul M G B ()

KGR

Setk:=k+ 1 and go to Step 1.



Enhanced Trial-and-Error (H. & Yang 09)
Step 1. Estimate Link tolls: 7, = T'(*) := V(¥ k.
Step 2. Observe link flows ¥ and set
VL = max {vF — awh(v)), 0},

where

and

Y ek ol it Ul M G B ()

[[A(v)I2
Setk:=k+ 1 and go to Step 1.
Still Slow!
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Splitting Method for VI (H., Xu, Yang 08)

Find a vector x* € Q such that
(x—x)TF(x*) >0, VxeQ.

Difficulty: F :=f + g butf is unknown
Available Information: For given x*, we have x*, satisfying

fETx =)+ g0 T(x—3) >0, vxeq.
Scheme:

A4 Be(6F ) = x4 Bg(xb) — a(F — 3),

xk+l + Bg(xk+l) mxk + 5g(xk) o a(xk —)?k).



Algorithm Description

Step 1. Get x* via
FE)T(x =)+ (") T(x = %) >0, vreq.
Step 2. Choose 1 > a; > «ap and solve

T4 Bg((FY) = X + Brg(xh) — au (& — ).
4 B ) m X+ Brg(d) — a(F — 7).

Step 3. Choose fi11 € [, (1 + ™) 5. Setk :=k+ 1, and go
to Step 1.



Convergence

f is strongly monotone with modulus p > 0 and g is monotone. There
is a small constant ¢ > 0 such that 5.u(1 —€) > 1/2 and
1/5> oy > ap > 0 for all k.

4 2+ A ) D
< (14 2E) 1 -2+ ) - DI
20 (Beu(1 — 8Brubn) —1/2)[1F —x*||?
a1 - R ELP P

1 ~
- <4ak —af =} - 2aknk) Ik — P



Computational Comparison

DPRV HLW Han Alg. 4.1

B8 It. | CPU (Sec.) It. | CPU (Sec.) It. | CPU (Sec.) It. | CPU (Sec.)
1073 — — 60 21.11 57 11.82 7 1.46
10—4 — — 48 16.73 46 10.87 7 1.59
1073 || 602 422.55 50 16.05 48 12.25 7 2.38
1072 || 487 366.36 61 20.96 55 15.03 8 2.1
10! 765 422.25 56 19.98 54 13.79 10 2.08

1 — — 61 22.24 59 15.07 12 3.03

10 — — 69 26.22 68 17.36 15 3.59
100 — — 76 28.11 74 17.16 18 5.28

‘—’ means the iteration number > 1000 and CPU time > 500 Sec.




Bounded Flows Control

Sometimes, link flows need to be restrained to satisfy environment
capacity constraints.
Mathematically, this is to find (v*,d*) € S, such that

t0v) (v —=v) =D Y d*)"(d—d*) >0, Y(v,d) €S,
S={(v,d) € Qv, < C,,a € A},
Q={(v,d)|v=Ax,Tx=d,x > 0}.

If the upper bound C,, a € A, are roads physical bound, then the
situation is just to remove traffic queues by setting tolls equivalent to
the observing queuing delay at bottleneck links.



Yang, He, Xu, and Meng 10

Step 0. Initialization. {7%} initial link tolls, k = 0.
Step 1. Observe link flows. V*.

Step 2. Update toll charges. Set intermediate toll
7 = max{r* — B (C — 7%),0},
and again observe the revealed link flows v until
Bl =3 < et =y € 0, 1)
7 = max{r* — B (C — 7),0},

oy is the step size.

Step 3. Check convergence. Set k := k+ 1 and go to Step 1.



Revealed Link Flows

Given 7%, the revealed link flow ¥ is in fact a part of (v*, d*) € Q, which
is the solution of

() + )T (v =) =D Y d") T (d — d*) > 0, Y(v,d) € Q.

» Why “Exact" revealed link flows?

» Difficult to have.
> Loss of efficiency.

» Approximate link flows



Inexact Method: H., Xu and Yang 10

Step 0. Initialization. {7%} initial link tolls, k = 0.
Step 1. Observe link flows. V*.

Step 2. Update toll charges. Set intermediate toll
7 = max{r* — B (C — 7%),0},
and an approximate equilibrium link flows v* until
Bl =3 < et =y € 0, 1)
7 = max{r* — B (C — 7),0},

oy is the step size.

Step 3. Check convergence. Set k := k+ 1 and go to Step 1.



Number of lterations

Table 4: Comparison of the number of outer iterations

No. of outer iter. for ¢ =

Update scheme | Method
1072 103 10~*
| Exact 212 315 411
Inexact 68 91 112
" Exact 159 232 282
Inexact 59 75 101




Inner lterations

Exact method

Inexact method

Outer
iter. No.

No. of
inner trials

lter. No. of
each trial

No. of
inner trials

lter. No. of
each trial

62

127
501
421

1
1
3
11

21

290




Summary

» In absence of demand function, optimal link tolls can go in a
trial-and-error manner.
» How to go in an efficient manner is a problem deserving more
research effort.
» How to find second-best tolls in absence of demand functions?
» For lower bounded flow control problems, several researcher
suggest to provide subsidies, which, however, seems to be
impossible.
» Is it possible to insist on positive tolls?
» How?
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