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�gá�§�SNò��©�±eÊ�Ü©µ

£�¤E6/µ
• ½ÂÚ~f • CE6/ • �ê6/ • E­��E­¡
• oE6/µo+��E6/ • à5E6/{0
• $Ûd�Ûf�m

£�¤pV6/µ
• Ýþ!­Ç!E�m/ª • pVð�ª
• ¿Û©)� Lefschetz©) • DGMS½n
• �²����«�i\½n • Demailly-Paun½n
• /C!�K+�pV+

£n¤��6/µ
• ��Ýþ���éä • 6Ç!­Ç!Bianchið�ª
• n�²;�Ýþéä • �"E6/!�)E6/
• Calabi-Eckmann6/ • ÛÜ�/pV6/!Vaisman6/
• ;à5E6/
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£o¤AÏ���6/aµ
• �²"6/ • Bismut²"6/ • ²ï6/
• õ­46/ • �pVk-£6/ • qpV6/
• 6Ç²16/

£Ê¤��AÛ¥�¯Kµ
• ~�X�­Çß� • AaAÏ���(�
• BismutqpV6/�©a • ��6/�C©¯K
• Fino-Vezzoniß� • Hull-StromingerXÚ
• 2ÂHartshorneß�
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±e´A�ë�Ö§p¡k'uEAÛnØ����[�?Øµ

1). S-S Chern: Complex manifolds without potential theory.
Springer (1979)

2). R.O. Wells: Differential Analysis on Complex Manifolds.
Springer (1980)

3). A. Moroianu: Lecture on Kahler Geometry.
https://moroianu.perso.math.cnrs.fr/tex/kg.pdf

4). D. Huybrechts: Complex Geometry, an introduction.

5). F. Zheng: Complex Differential Geometry.
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EAÛ´��ïÄE6/�AÛ!ÿÀ!�¼êØ5��ê
Æ©|"ÙïÄ�{l�Nþ`�±oÑ/©����êêê�{�©©©
ÛÛÛ�{ü�a§cöáu�êAÛ��Æ¶
�öáuE�©A
Û§Ì�$^�È©�õEC¼êØ�Ãã?1ïÄ§ù�´�
�§?Ø���"

3?ÛE6/þo´�3��Ýþ§=�CE(��N�i
ùÝþ"�Mn�E6/§g�Ùþ�����Ýþ"�ω��
A�pV/ªµù´Mnþ���??�½� (1, 1)-/ª"Ýþ
g�¡�pppVVV�§e dω = 0"��E6/�¡�pppVVV...�§e
Ùþ�3pVÝþ¶ÄKÒ�¡����pppVVV...�"
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g 1950c�±5§pVAÛ��
�v�uÐ§<�ép
V.�;E6/k
���\�
)§NõêÆ[3d+��Ñ

�z§Ù¥��L5<Ôk���§Kodaira (�²��)§
Serre§Atiyah§Hirzebruch§Bott§Calabi§£¤Ð�"

ü�w,�Ï�r?
T+��uÐµ�´pV.6/´�
�v
��ïÄé�a§§�¹
¤k�E�K6/(�©¥·
�ò{¡����êêê666///)§=E�K�m¥d�|àgõ�ª�ú
�":8¤/¤�;Ef6/§ù´�{ü!�g,��¤E6
/��ª",��Ï�´pVAÛ�ïÄ�é�B§Ï���Ý
þ�pV��=�Ýþ�iùéä(= Levi-Civitaéä)�6/�
CE(���N§d�iùAÛ�E(��{��§AÛÆ�(
Ø  �±��üÌÑ6/�E)Û5G"
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C�{c5§�pVAÛÆ�ïÄ��
%ÇuÐ"ùp¡
����Ï�kü�µ

�´Ï�;pV6/�ÿÀ(�7L÷vér���5^
�§��ý�õê�;E6/Ñ´�pV.�(�¡·�òéù
�Øä�?�Ú`²)§Ï
ïÄ(�pV�)����Ýþ��
©AÛÆ5�Òk
7�5¶

,��¡§�unØ¥��¡�Hull-StromingerXÚ��.
@��¤·�Ô�­.�¤¢Ûõ�m´���~AÏ�n�;
��6/§=¤¢��pVCalabi-£�m§Ï
AÛÆÑÖu
ÔnÆ�U,á5�3é�§Ýþr?
�pVAÛÆ�uÐ"
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��AÛÆïÄ���Ä�A:´<�Ï~¬�Ä�
AÏ
���6/a"Ï�?ÛE6/þÑk��Ýþ§Ï
ÏLé�
���Ýþ��©AÛÆïÄ¤���E)Û(Ø·^u¤kE
6/§
'u n�E6/(n ≥ 3)�©a8c�áu���Ñ@�
�¯"

g 1980c�±5§eZAÏ���6/a��
2��ï
Ä"Ù¥�äk�L5�´²²²ïïï6/Úõõõ­­­4446/"��Ýþ
g�¡�´²ï�§e d(ωn−1) = 0§=pV/ª´{4�"ù
p n´6/�E�ê"äk²ïÝþ�E6/�¡�²²²ïïï...�"
²ïÝþ�½Â´dMichelshon3 1982cJÑ�§��épV
^���«í2"�E�ê�u�u 3�§²ïÝþ�±´�p
V�"d�o�c5§²ï6/�2�ïÄ¿/¤
�a­��
| 5�AÏ��6/a"
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pV6/�,�«í2´õ­46/"��Ýþ g�¡�´
õ­4�§e ∂∂ ω = 0"3k
êÆÚnØÔn©z¥§ù«
Ýþ��¡�´ SKT�(strong Kähler with torsion � �)"

õ­4�Vg�@�uBismutu 1989c�©Ù§3@p¦
y²
?Û��6/þ���3��6Ç��é¡���éä"
ù�éä8U·�¡��Bismutéä"(��éä�¿g´�Ý
þÚCE(�Ñ�N�éä§§��¤��Ã¡����m)"

ÔnÆ[ Strominger3 1986c�uy
Bismutéä�äN
úª§¿òÙ^�
Hull-StromingerXÚ��E¥"Ïd3k�
©z¥§Téä��¡� Stromingeréä"Bismutéä�6Ç
(�¤ (3, 0)−.Üþ)��é¡§Ï
´�� 3g�©/ª"^p
V/ªω5L�§KBismut6Ç�S =

√
−1(∂ω − ∂ω)"Ï
õ

­4^��du dS = 0§=Bismut6Ç 3-/ª�4"
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Ø²ïÝþ�õ­4Ýþ�	§�kA«AÏ��Ýþ��
2�ïÄ"e¡·�� (Mn, g)��½���6/§�ω�Ùp
V/ª"

GauduchonÝÝÝþþþ´�÷v^� ∂∂(ωn−1) = 0���Ýþ"
Gauduchon 3 1977c���Í¶(J´§�Mn�;�§?Û
��ÝþÑ�/u��(~ê�e)��GauduchonÝþ"

��í2§é?Û�ê 1 ≤ k ≤ n− 1§F3�!��Ü!Ç
�Þ3 2013cÚ\
 k-GauduchonÝÝÝþþþ�Vg§=÷v^�
∂∂ (ωk) ∧ ωn−k−1 = 0�Ýþ"w,§� k = n − 1 �ùB£�
�5�GauduchonÝþ"

JostÚ£¤Ð3ïÄNÚN��f5¯K�Ú\

astheno-KählerÝÝÝþþþ�½Â§=÷v^� ∂∂(ωn−2) = 0���
Ýþ"
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e6/þ�3�N (2, 0)-/ªα§¦� d(α + ω + α) = 0§
K g �¡�������"""ÝÝÝþþþ"w,§

��" =⇒ õ­4 =⇒ 1-Gauduchon.

3ïÄE(�/CnØ�§Popoviciu 2013cÚ\
AAAÏÏÏ
GauduchonÝÝÝþþþ�Vgµ=36/þ�3�N (n, n − 2)-/ª
Ψ¦� ∂(ωn−1) = ∂Ψ¤á"w,§·��k

²ï =⇒ AÏGauduchon =⇒ Gauduchon.

d	§Cc5§'uoooEEE666///ÚqqqpppVVV666///�AÏ��6
/a�ïÄ�áÚ
¯õEAÛÆ[�'5"Ïd3�á�§
¥§·�Ø0�Ä��pVAÛÆnØ�	§¬­:0��
A
Ï���6/a9ÙAÛ!ÿÀ�¼êØ5�§\�ÓÆ�ép
V6/Ú�pV6/�
)§�Buk,��ÓÆ�±}Áù�
¡�ïÄ"
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½½½ÂÂÂµµµ �M�(äk�êÄ�Hausdorff�ëÏ)ÿÀ�m§
kmf8x {Vα}α∈A§÷v

⋃
α∈A Vα = M§�é?Ûα ∈ A§

kVα�Cn¥mf8Dα�m�Ó� fα : Vα → Dα§¦�z
�Vαβ := Vα ∩ Vβ ���§��N�(�IC�)

fβ ◦ f −1
α : fα(Vαβ)→ fα(Vαβ)

��XN�"ùpz� (Vα, fα)�¡�(�X)�I��§n�¡
�M�E�ê"�eã"

x��­����Æ EAÛ{0
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n�m§�þm"

x��­����Æ EAÛ{0
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d½Â��§E6/´�=«äk�êÄ�(ëÏ)ÿÀ�
mµÛÜÑU��I��¤CX§=ÛÜwå5Ñ�´Eî¼�
mCn¥�m8§
���I��m��IC�(ù´Cn¥�ü
�mf8m�N�)���XN�"

w,§E6/�¦È�´E6/¶E6/�?Û(ëÏ)mf
8�´E6/¶AO/§Cn9ÙëÏmf8(¡�«««���)´E6
/"�a«�§AO´(r)[à�«�§´õEC¼êØ�Ì�
ïÄé�"
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ÏCn ∼= R2n§?Û n�E6/Ó��´ 2n��1w6/(¡
�Ù1w.6/)".6/o´�½��§Ï�§�Ñ´CCCEEE666
///µ=äkCE(��1w6/"CE(�´�1w6/�mþ
�÷v�§ J2 = −I �1wC� J (ùp I �ðÓN�)"CE6
/o´óê��§�o´�½��"
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�D ⊆ Cn�k.ëÏmf8"�Aut(D)�D�g��V
�XÓ�¤�¤�+"eAut(D)�[/�^uD§K¡D�kkk
...ààà555���"D¡�kkk...ééé¡¡¡���§eé?Û p ∈ D�3Aut(D)¥
� f§÷v f ◦ f = I � p� f ��áØÄ:"

é¡�7�à5�
n ≤ 3�§à5��é¡ (Cartan)
é?Û n ≥ 4§�3�é¡�à5� (Pyatetskii-Shapiro)
� n ≥ 7�§�3ëYÚëê�à5�
à5�®�^�ê�{��©a (1960 - 1970c�)
é¡��©aµo�²;S�(;;;...���)§±9ü�~	(�
ê©O� 16Ú 27)"

x��­����Æ EAÛ{0
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o�;.�S�µ

D1(p, q) = {Z ∈ Mp×q(C) | Ip − ZZ ∗ > 0}, 1 ≤ p ≤ q;

D2(p) = {Z ∈ Mp×p(C) | I − ZZ ∗ > 0, tZ = Z}, p ≥ 2;

D3(p) = {Z ∈ Mp×p(C) | I − ZZ ∗ > 0, tZ = −Z}, p ≥ 4;

D4(n) = {Z ∈ M1×n(C) ∼= Cn | 1 + |ZZ ∗|2 − 2ZZ ∗ > 0,

1− |ZZ ∗| > 0}, n ≥ 5.

ùo���E�ê nÚ� r©O�µ

(n, r) = (pq, p), (
1

2
p(p + 1), p), (

1

2
p(p − 1), p), ±9 (n, 2).

3·��¡¬���IOÝþ�e§D2(p)ÚD3(p)��
D1(p, p)¥��ÿ/f6/§D1(1, n)�Cn¥�ü ¥§

D4(n)���D1(1, n+1)¥��g�­¡"
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Xc¤ã§?Ûé¡�DÑ´à5�§=ÙgÓ�+
Aut(D)�[/�^3Dþ"¢Sþ§Aut(D)��¹éõlÑf
+"� Γ ⊆ Aut(D)�?ÛlÑf+§K7k Γ���k��I
f+ Γ0 ⊆ Γ ¦� Γ0gd/�^3Dþ(=Øü �	§Γ0¥?
Û���^ÑvkØÄ:)§d�û�mM = D/Γ0 E,´1w
�§Ï
�E6/"M¡���ÛÛÛÜÜÜ(������)ééé¡¡¡���mmm"

�ûM (3IOÝþe)äkk�NÈ�§Γ0¡������
(lattice)§�M�;�§Γ0 ¡������������(uniform lattice)"

?Ûé¡��gÓ�+Ñ¹k�þ����Ú����"Û
Üé¡�mäk´L�AÛ!ÿÀ!¼êØ!©Û!��â5
�"

x��­����Æ EAÛ{0
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��û�m�,���\äN�~f§·��±�ÄEEE���µ
T n

Λ = Cn/Λ§Ù¥Λ ∼= Z2n�Cn�f+"�é{`§Eî¼�
mCn¥?Û�� 2n�gdC��f+Ñ´�����§ÙéA
�û�m=��� n�E�(complex torus)"1�E�q¡�ýýý
���­­­���§§´�êAÛÚêØ¥���­�ïÄé�"

n�E��.6/�k��§= 2n�S1�¦È§���E
6/§��±Ø��"± n = 1�~§ÏLÀ�CþÜ·�Eî
¼�I§·��±b�Λ = R{1, τ}§Ù¥ τ�JÜ��£=á
uþ�²¡¤�Eê"PTý�­��T 1

τ"ØJwÑ§��E
6/§T 1

τ �T 1
τ ′Ó�(=V�XÓ�)��=��31�ª� 1�

2��XêÝ
A¦� (1, τ ′) = (1, τ)A¤á"

�ó�§¤ký�­��¤�������mmm´þ�²¡3SL(2,Z)
e�û"p����/�aq§þ�²¡�¤ Siegelþ��m"
«Oµý�­�Ñ´�ê­�§�� n ≥ 2�§�Ü©T n

ΛÑØ
´�ê6/(C��q)"
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c¡·�J�
?ÛE6/þÑk��g,�CE(�§=
.6/�mþ�÷v J2 = −I �gÓ� J"CE6/£=äkC
E(��1w6/¤�Vg�@´dHeinz HopfÚCharles
Ehresmann3 1940c�"JÑ�§§�L(¢)óê�6/�m�
(�+�±dGL(2n,R)�z¤f+GL(n,C)"

¢�þ�mV ∼= R2nþ÷v J2 = −I �gÓ� J : V → V ¡
�V þ���CE(�"�V �Ä {ε1, . . . , ε2n}¦� J�Ý
L
��

J0 =

[
0 I
−I 0

]
.

N´�y§+GL(2n,R)¥� J0������/X

X =

[
A B
−B A

]
.

w,§A + iB 7→ X ¦GL(n,C)¤�GL(2n,R)�f+"

x��­����Æ EAÛ{0
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CE6/o´�½��(SK)"�½���½��óê��
1w;6/§Ùþ´Ä�3CE(��¯K´��ÿÀ¯K§3
¢ 4���/k����x(ÏL«5a)Ú�é�\�
)§�
3 6�9±þ�kÜ©�x(7�^�)§
)k�"CE6/�
¤��é��8Ü§§�¹¤k�E6/Ú¤k�"6/(=ä
k��??�òz� 2g4�©/ª�1w6/)"

SKµ�ω�"/ª§g�iùÝþ§K�3CE(� J¦
�ω(X , JY ) = g(X ,Y )é?Û�þ|X ,Y ¤á"

Theorem (ÇÇÇ©©©ddd)

4�6/MþkCE(���=� ∃ h ∈ H2(M,Z)¦�

h2 = 2σ + 2χ, h ≡ w2 mod 2.

d� h = c1(M, J)"ùpχ�î.ê§σ = b+ − b−��I
(d? b+ + b− = b2)§
w2�1� Stiefel-Whitney«5a"

x��­����Æ EAÛ{0
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dÇ©d½nÚ;E­¡�©anØ§�±��Nõ-äk
CE(��ØäkE(�.� 4�6/�~f"1��ù«~f
´dVan de Venuy�§e¡·�?Ø��{ü~fµ

~~~µµµ �ÄM = (S2×S2)#(S1×S3)#(S1×S3).SKµy²
ù�6/÷vµχ = 0§σ = 0§w2 = 0§b1 = 2§¿�ÙÄ�+
�π1(M) = Z ∗ Z"
dÇ©d½n§� h = 0§·���MþkCE(�"b

�MþkE(�§KÏ1� bettiê b1�óê§ÏdÙþ�3p
VÝþ"SKµP n�S1�wedge�Vn"�E�� 2�CX
f : V3 7→ V2"

CX f L«§gd+Z ∗ Z�¹���I� 2�f+H§§
Ó�ugd+Z ∗ Z ∗ Z"ÏdMäk�� 2�CX M̃ 7→ M§Ù
Ä�+�π1(M̃) = Z ∗Z ∗Z§Ï
 b1(M̃) = 3§gñ(pV6/�
CX�mE,pV§;pV6/� b17�óê)"Ï
Mþvk
E(�"

x��­����Æ EAÛ{0
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k,��ÓÆ�±2���SKµP kCP2� k�E�K²
¡�ëÏÚ"ÁyµÙþäkCE(���=� k�Ûê"J
«µk�Ûê�§�Ä h = (3, 1, 3, 1, . . . , 3)"éE­¡©anØ
ÙG�ÓÆ��±y²µ� k > 1 �§T6/þvkE(�"

é?¿(óê)��½�6/M2n§^ÓÔØ��ó£ã§
M2nþäkCE(���=� classifying map tM : M 7→ SO(2n)
�±J,¤ t̃M : M 7→ BU(n)"PYn = SO(2n)/U(n)"J,�æ
N�þÓNaH i+1(M, πi (Yn))§0 ≤ i ≤ 2n − 1"

� n = 3�§Y3 = CP3§Ù 5�9±e�ÓÔ+�kπ2
∼= Z

��"§¿�d�J,�æNa�w2(M)3BocksteinÓ�
H2(M,Z2) 7→ H3(M,Z)e��"Ïdkµ

Theorem

e;½� 6�6/M�H3(M,Z)vk 2-torsion§KMþkCE
(�§�CE(��w2(M)3H2(M,Z)¥�J,��éA"

x��­����Æ EAÛ{0
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3þ¡�·Kp§XJ·�P h ∈ H2(M,Z)�(éAuCE
(� J�)w2�J,§K J��a�µc1 = h, c2 = 1

2 (h2 − p1)§
Ù¥ p1�M�1�
Apæ7a"

¢ 6��;!üëÏ�ÓN+Ã6�(torsion free)�6/ä
k�é{ü�ÿÀ(�§3 1960§1970c��Wall§Jupp§
Zubr�<c[ïÄL"§�ÿÀ(�©)Ó�uM0#k(S3×S3)§
ùp 2k = b3(M)
 b3(M0) = 0"Ïd<�é 6�6/´Ääk
CE(��¯K�k�
ïÄ§¦+ØX 4��@o�Ù"

é 8�9±þ��ê§<�é�½�;½�6/´ÄäkC
E(��¯K�é
)��"3¥¡��/§dAdams½n
(1958)§<���3¤k�ê�¥¡¥§�kS2ÚS6äkCE
(�"Adrian Kirchhoff3 1947còS6w���� 1�XJ
Cayleyê§wª/�EÑ��S6þ�CE(� J0§�¡�IO
CE(�"
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eCE(� J5gu��E(�(=d
√
−1¤�Ñ)§K

¡ J����ÈÈÈ�"J�È�7�^�´ÙNijinhuisÜþ��µ
NJ = 0§ùp

NJ(X ,Y ) = [JX , JY ]− [X ,Y ]− J[JX ,Y ]− J[X , JY ].

·��±ù�n)ù��È5�7�^�"�V ∼= R2n§Ùþk
CE(�§= J : V 7→ V �5¿÷v J2 = −I"KEz�þ�
mVC = V ⊗ C ∼= C2n�©)¤V 1,0�Ù�Ý��Ú§ùp

V 1,0 = {X −
√
−1JX | X ∈ V } ∼= Cn

� J�'uA��
√
−1�A��m"XJ (M, J)�CE6/§

KcãÅ:�½Â�±ò���mþ§l
�� (1, 0) -.(E)�
þ|�Vg"

x��­����Æ EAÛ{0
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eM�E6/§K�X�þ|Ñ´ (1, 0)−.�"ü��X
�þ|�o)ÒE,´�X�§Ï
k [T 1,0,T 1,0] ⊆ T 1,0"N
´wÑù�^��duNJ = 0 (�y)§Ï
NijinhuisÜþ���
´CE(� J�È�7�^�"

�L5§NewlanderÚNirenberg3 1957c���Í¶½n
´`§ù�7�^��´¿©�"Ïd§é���½�CE(�

ó§Ù´Ä�È�¯K´���±���y�¯K"

I��Ñ�´§ù�½n´�����)Û(J§=Bé
¢ 2�(=­¡)��/§�Ø´��{ü�¯"3?Û½�­
¡Mþo�3CE(�µ?�Ùþ�iùÝþ 〈, 〉§é��þX
½Â JX ��X ��!R�!�X ∧ JX ����þ"d�
NJ = 0g,¤á"J�È��=�ÛÜo�3�§�I (x , y) :

| ∂
∂x
| = | ∂

∂y
|, 〈 ∂

∂x
,
∂

∂y
〉 = 0.

x��­����Æ EAÛ{0
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~~~µµµ CPn = (Cn+1 \ {0})/ ∼§ùp z ∼ z ′ ⇐⇒ z = λz ′,
λ ∈ C∗"=CPn�Cn+1¥¤k 1�E�5f�m�8Ü"

é: z = (z0, z1, . . . , zn) ∈ Cn+1§PÙ�da� [z ] =
= [z0 : z1 : · · · : zn]"-Ui ⊆ CPn�f8 {[z ] | zi 6= 0}"-

fi : Ui → Cn, fi ([z ]) =
(z0

zi
, . . . ,

zi−1

zi
,
zi+1

zi
, . . . ,

zn
zi

)
.

´�§U0, . . . ,Un�¿���CPn§z� fi�V�§¿�é?Û
i 6= j§ fj ◦ f −1

i ��X"Ï
�â½Â§CPn�E6/§¡�EEE
���KKK���mmm"

E�K��CP1 = C ∪ {∞} ∼= S2§E�K²¡CP2 =
C2∪CP1,��/§CPn = Cn ∪CPn−1 = e0∪ e2∪ e4∪ · · · ∪ e2n§
ùp ekL« k��n"

��íØ§H∗(CPn,Z) = Z[t]/〈tn+1〉§H2 = Zt§AO/§
b0 = b2 = b4 = · · · = b2n = 1§Ù{ bi = 0"

x��­����Æ EAÛ{0
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½½½ÂÂÂµµµ ;E6/M¡�(EEE)���KKK666///§e�3(,v
�
�)mÚ�Xi\M ↪→ CPm"

½½½nnn(±±±���ûûû)µµµ ?ÛE�K6/7´k��àgõ�ª�
ú�":8"Ïd<�~~rE�K6/{¡��ê6/"
Chow, Wei-Liang. Amer J Math 1949, 71 (4): 893õ914.

~~~fffµµµ-Mn = {[z ] ∈ CPn+1 | zd0 + zd1 + · · ·+ zdn+1 = 0}"
�±�y§Mn�Pn+1�4�Ef6/§¡� dg¤ê�­¡"

�F � z0, . . . , zn+1�à dgõ�ª"�Mn = {F = 0}�1
w(��6Ä�eF =��¤µgeneric F )§KMn�´Pn+1¥�
�� dg�­¡"���/§é generic�àgõ�ªF1, . . . ,Fr ,
Mn = {F1 = · · · = Fr = 0} ⊆ CPn+r�E�K6/§¡������
������6/(complete intersection)"

5µ�­¡Mn ⊆ CPn+1o´��àgõ�ª�":8§�
�{� r > 1�§�K6/Mn ⊆ CPn+ro´m�àgõ�ª�
ú�":8§���¿ØU�ym = r (w,m ≥ r)§Ï��â
Lefchetz�²¡�¡½n§� n ≥ 2�§���o´üëÏ�"

x��­����Æ EAÛ{0
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l)Û�*:5w§E�K6/äkü^�~Ð�5�§�
´äkûÐ��êá5µÙþPkv
õ�æX¼ê¶�´äk
ûÐ��©AÛ5�µÙþäkpVÝþ"

?�;E6/Mn§Ùþ¤k�æX¼ê(ÛÜþo�±�¤
ü��X¼ê�û)�8ÜC(M)¡�M�¼¼¼êêê���"
eC(M) 6= C§Ko�3��ê d¦�C(M)�C(z1, . . . , zd)�
k�*Ü"ùpC(z1, . . . , zd)�õ�ª�C[z1, . . . , zd ]�û�"

¼ê�'uC���gê d¡�M����êêê���êêê§P� a(M).
�¼ê��C�§- a(M) = 0"¤±·�ok 0 ≤ a(M) ≤ n"
÷v a(M) = n�;E6/¡�Moishezon666///"

SKµE�K6/o´Moishezon�"

,��¡§CPnþIO�Fubini-StudyÝþ(·��¡¬�Ñ
[!)´pVÝþ§
pVÝþ3Ef6/þ���ÝþE,´
pV�§ÏdE�K6/o´pV�"

½½½nnnµµµ ;E6/�E�K6/⇐⇒QpVqMoishezon"

x��­����Æ EAÛ{0
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adjunction formula§²¡­�§�m¥�­¡§...

x��­����Æ EAÛ{0
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c¡·�J�
§;E­�ΣgÿÀþ�¤��±�K�ê
güS�S�§g¡�E­��ººº���"Óº��;E­�Ñ´�
©Ó��§Σ0 = CP1§Σ1�ý�­�§þÓ�u�¡S1×S1§
E(��¤E 1����m(�þ�²¡'uSL(2,Z)�û)"�
º� g ≥ 2 �§E(��¤E 3g − 3����mMg .

XÛy²;E6/Mn´�K6/Qº�*��{´3Mn

þé�v
õ��Xé�"Ï6/�;§¤±?Û(�N)�X¼
êÑ´~ê§Ï
�Ué (Mnþ,��X�m L�)�X�¡"
PV = H0(M, L)� L �¤k�X�¡¤�¤�(k��)E�þ
�m"XJù��þ�mv
�§äN5`Ò´U
-«©:.
( ∀ x , y ∈ M, ∃ s ∈ V ¦� s(x) 6= s(y))¿U-�ÑÛÜ�I.
( ∀ x ∈ M, ∃ s0, . . . , sn ∈ V§¦ ( s1

s0
, . . . , sns0

) � x:��S��X

�I)§KV �Ä {σ0, . . . , σm}�Ñ�Xi\
φL : M ↪→ CPm, φL(x) = [σ0(x) : · · · : σm(x)].

x��­����Æ EAÛ{0
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÷vc�^�(=ki\M ↪→ P(H0(M, L)) ∼= CPm)��X
�m L¡�´���~~~´́́���� (very ample)¶ek��ê k¦�Üþ
È L⊗k��~´�§K¡ L�´́́���� (ample)"�;E6/��
K6/�¿g´Ùþ�3´��m"

Ïd�E�X�¡´Ø%5�¯K"��~^��{´$
^Hormander� L2�{) ∂�§§,���{´|^iù-.â
úª(Riemann-Roch)Ú�«½n�óä5O�þÓN+H0��
ê§~X�²���i\½nÒ´ÏL�«½n5¢y�µ

Theorem (Kodaira)

;pV6/��K��=�Ùþ�3­Ç??����X�m"

Riemann-Rochúª��{ü�/µ?�;E­�M = Σgþ�
�X�m L§K = T ∗M�;K�m§deg(L) = c1(L)[M]§kµ

H0(M, L)− H0(M,K ⊗ L∗) = 1− g + deg(L).

x��­����Æ EAÛ{0



E6/�~fµE­��E­¡ 3/13

;E­¡M2äk���©anØ§=Enriques-Kodaira½
n"�;E­���/�'§;E­¡�a.�\´L§�·�
Jø
��¿v����m"

Äk´Ä�ÿÀþÚ)Ûþ"P bi = dimRH i (M,R)� betti
ê¶P hp,q = dimCHp,q(M)�Hodgeê"P q = h0,1, pg = h2,0.
ùpHp,q�DolbeaultþÓN+§q¡� irregularity§pg¡�
arithmetic genus"þÓN+�¦{(cupÈ)�Ñ
H2(M,Z) þ
���/ª9 b2 = b+ + b−§σ = b+ − b−¡� signature"

dPoicareéó��M2�î.ê� c2 = 2− 2b1 + b2§

Hirzebruch�I½n�Ñ 3σ = c2

1 − 2c2¶dHirzebruch-Riemann-
-Roch·�k 1− q + pg = 1

12 (c2
1 + c2)"dùüª�� c2

1��µ
(2q − b1) + (b+ − 2pg ) = 1"SKµ�ªmà�ü�)ÒÑ�
K"Ïd§½ b1 = 2q� b+ = 2pg + 1§½ b1 = 2q − 1� b+ =
= 2pg§cö�pV.­¡§�ö��pV.­¡"
� c2

1 , q,
pg��ÿÀØCþ"

x��­����Æ EAÛ{0
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Enriques-Kodaira½n�Ñ
;E­¡�Vkn©a"ü�
;E6/m��X÷� f : Mn → Nn¡�modification§e�3
)ÛfqF ( N¦� f ����ÑÓ�M \ f −1(F )→ N \ F"

MnÚNn�Vkn�d§P�M ∼ N§e�3;E6/X
9modification f : X → MÚ g : X → N"SKµy²∼äkD
45§l
��d'X"

~~~µµµ ��B�Cn¥�ü ¥§z ,w�Cnþ��X�I"
�ÄE6/

B̃ = {(z , [w ]) | ziwj = zjwi , ∀ 1 ≤ i , j ≤ n} ⊆ B × CPn−1

9ÝKN����π : B̃ → B"PE = π−1(0) ∼= CPn−1"w,§
π����Ñ B̃ \ E�B \ {0}m��XÓ�"
æXN�π−1¡�'u�:� blowing-up§π¡�('uE

�) blowing-down"

x��­����Æ EAÛ{0



E6/�~fµE­��E­¡ 5/13

AO/§� n = 2�§exceptional divisorE��^1w�k
n­�(=CP1)§Ùg��ê�−1µE 2 = −1"E­¡¥�g�
�ê�−1�1wkn­�¡� (-1)­­­���"eE ⊆ M2��^
(−1)­�§Kk blowing-down π : M2 → N2òEN¤��:,

N2E,�E6/"

Theorem

ü;E­¡m�?ÛVkn(æX)N� f : M2 99K N2Ñ´k�
� blowing-upÚ blowing-down�EÜ"

SKµ�π : M̃ → M�;E­¡� blowing-down"y²
b2(M̃) = b2(M) + 1"Ïdl?Û;E­¡Ñu§�õ²k�
g blowing-down��§­¡þØU2k(-1)­�µù«­¡¡�
444���­­­¡¡¡"?Û;E­¡ÑVkn�du,4�­¡"

k,��ÓÆ��±y²µK
M̃
∼= π∗KM ⊗O(E )§ùp

K = det(T ∗M)�;K�m§
π1(M̃) ∼= π1(M)"

x��­����Æ EAÛ{0
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�K�;E6/Mn�;K�m"é?Û��êm§�ÄE
�þ�mH0(M,K⊗m)��êPm"�PmØ��"�§o�3�
�êm0§�K�êκ ≤ n9�~êC1,C2§¦�

C1m
κ ≤ Pm ≤ C2m

κ, ∀ m ∈ m0N.

�ó�§Pm ∼ mκ"·�¡κ�Mn�Kodaira�ê§P�
kod(M)"�Pm ≡ 0 �§�½ kod(M) = −∞"·�ok

kod(M) ≤ a(M) ≤ n,

ùp a(M)�6/��ê�ê§=Ù(æX)¼ê����Ýê"
÷v kod(M) = nö¡� general type666///§§�Ñ´
Moishezon�§=Ù�ê�ê a(M) = n"

x��­����Æ EAÛ{0
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�M2�;E­¡"K kod(M) ∈ {−∞, 0, 1, 2}"
SKµ� kod(M) ≥ 0"y²Mþ?Ûü^ØÓ�(-1)­�Ø

��"Ï
�M2Vkn�d�4�­¡��"

�déA§� kod(M) = −∞�§ÙVkna¥�4�­¡
�±Ø��"~fµy²CP2 ÚCP1 × CP1Ñ´4��§�V
kn�d"¢Sþ§,
kn­¡Mþ�±kÃ¡õ^(-1)­
�(þ¡�SKé�kn­¡Ñ¤á)"

···KKKµµµ �M2�4�­¡§kod(M) = −∞"KM2½ö�
CP2¶½ö��«¡P(E ) 7→ Σg§Ù¥E�;E­�Σgþ��
� 2��X�þm¶½ö���¤¢�VII0a­¡µ÷v b1 = 1
Ú kod(M) = −∞�4�­¡"

x��­����Æ EAÛ{0
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~~~µµµ ?� a, b ∈ C÷v0 < |a| ≤ |b| < 1§�ÄC2 \ {0}þ�
�XgÓ� f (z1, z2) = (az1, bz2)§)¤+ Γ = {f m | m ∈ Z}"û
6/M = (C2 \ {0})/Γ�VII0a­¡§¡�Hopf¡"

Hopf¡�½Â�µ�kCU�C2 \ {0}�;E­¡§§�Ñ
´VII0a­¡§�o´�±�,� primary Hopf¡¤k�CX§
�ö�Ä�+Ó�uZ§dC2 \ {0}��XgÓ� h¤)¤µ
h(z1, z2) = (az1, bz2 + λzm1 )§Ù¥ 0 < |a| ≤ |b| < 1§m���
ê§λ(a− bm) = 0"£λ = 0ö¡�Class 1§λ 6= 0ö¡�Class
0§d� a = bm.¤

x��­����Æ EAÛ{0
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~~~µµµ kn­�CP1þ�?Û�X�þmÑÓ�u�X�m
��Ú(Grothendieck½n)§ÏdÙþ��«¡o�±�¤
Fn = P(OCP1 ⊕OCP1(n))§¡�Hirzebruch¡§n = 0, 1, 2, . . .

SKµ�yF0 = CP1 ×CP1§F1�CP2 blowing-up��:"
é¤k n 6= 1§Fn�4�"é¤kóê n§Fn�S2 × S2�©Ó
�¶é¤kÛê n§Fn�CP2#CP2�©Ó�"

x��­����Æ EAÛ{0
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···KKKµµµ;E­¡M2��ê�ê a(M) = 2��=�§´�
K�¶a(M) = 0��=�ÙþØ��­��^êk�(�d��
^êØ�L h1,1 + 2)¶e a(M) = 1§KM2�ý�­¡ (elliptic
surface)§=�3�X÷� f : M → B¦�B�1wE­�§f
� genericn��1wý�­�"

Kodairaéý�­¡?1
�[ïÄ§��
¤kÛÉn�
a.���©a"ý�­¡�Kodaira�ê�±´ 1§0§½−∞,
�ØU� 2"÷v kod(M) = 1�ý�­¡¡�properly elliptic
surfaces"b1�óê�ý�­¡a.é´L§� b1�Ûê�ý�
­¡a.�é{üµ

···KKKµµµeý�­¡ f : M2 → B� b1�Û� kod(M) ≥ 0§K
¤kÛÉn��U�mI0.§=��­êm�1wý�­�¶d
��3(�±�©|:�)k�CXπ : B1 → B¦�n�È
M1 = M ×B B1 → B1�±ý�­��n���Xn�m§
�M1 → M�(Ã©|:�)k�CX"

x��­����Æ EAÛ{0
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½½½nnn (Enriques-Kodaira)µµµ �4�;E­¡ kod(M) = κ.

eκ = 2§KM� general type­¡(½Â)"
eκ = 1§KM� properly elliptic surface"
eκ = 0§KM�K3¡!Enriques¡!E�¡!�ý�
¡!primary½ secondary Kodaira¡"
eκ = −∞§KM�CP2!�«¡(ØF1	)!½VII0¡"

K3¡�½Â�µq = 0§K = Oö§ùa­¡�Ñ�©Ó�
uCP3¥� 4g­¡§AO/§§�ÑüëÏ"Ù��m�ê
� 20§§���ê�ê�±´ 0, 1, 2"SKµb2 = 22"

Enriques¡�½Â�µq = 0§K 2 = O�K 6= Oö§§�
� a(M) = 2§Ñk� 2�CX�(�ê) K3¡"

�ý�¡Ú primary§secondary Kodaira¡Ñ´�²���X
n�m f : M → B§Ù.6/BÚn�F Ñ´ý�­�∗¶§�
� b1©O� 2!3!1§b2©O� 2!4!0"primary Kodaira¡÷
vK = O§
,	üa÷vKn = O�K 6= O§n ∈ {2, 3, 4, 6},
Ù n�CX©O�(�ê)E�¡½ primary Kodaira¡"

x��­����Æ EAÛ{0
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primary Kodaira¡��½Â�÷v b1 = 3§K = O�;E­
¡"§�þ�±ý�­��n�Ú.��Xn�m§§��þ�
�¤M = C2/Γ§Ù¥ Γ���+�lÑf+"²·�À�Eî
¼�I�§ΓkL« 〈α, β, γ, δ | γ, δ central, [α, β] = γr 〉§r ∈ N,

α(z) = (z1 + az2, z2 + 1),

β(z) = (z1 + pz2, z2 + b),

γ(z) = (z1 + c , z2),

δ(z) = (z1 + 1, z2).

Ù¥ a, b, c ∈ C§p = ab − rc"SKµy²��ù��ª�du
'X [α, β] = γr"

x��­����Æ EAÛ{0
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VII0a­¡ØHopf¡�	§�e�­¡�±©�ü�8
Üµ(A)�¹¤k b2 = 0ö§(B)�¹¤k b2 > 0ö"Inuoe�E

nx (A)a­¡�~f§Bogomolov���Í¶½n´`ùn
x~fÒ´ (A)a��Ü"1980c�±5§<�®²uy
eZ
x (B)a­¡�~f§¤kù
~fÑäk¤¢� global
spherical shell§=­¡�¹��{8ëÏ�§V�XÓ�u
{z ∈ C2 | 1 < |z | < 1 + ε}�mf8"(B)a­¡���©a8c
�´��ú¯K"

Ød�	§¤kκ ≤ 1�;E­¡þ�@�®
)�Ù§�
,ý�Ü©�;E­¡�κ = 2��/§= general type­¡"

x��­����Æ EAÛ{0



E6/�~fµE­��E­¡ 13/13

'u4� general type­¡M2§k±e®�(Øµ

K� nef§=éM2¥?ÛØ��­�CkKC ≥ 0§�= 0
��=�C�(-2)­�§=g��ê� -2�kn­�"
K� big§=K 2 = c2

1 > 0"î.ê c2 > 0"
ü�ê÷vMiyaoka-YauØ�ªµc2

1 ≤ 3c2"(SKµddí
ÑTØ�ªé¤k;E­¡Ñ¤á)"
5c2

1 − c2 + 36 ≥ 0"(ù´¤¢�NoetherØ�ª�íØ)

é;E­¡k?�Ú,��ÓÆ�±ë�²;Ö7
Barth, Hulek, Peters, Van de Ven. Compact complex surfaces,
second edition. Springer-Verlag, Berlin, 2004

x��­����Æ EAÛ{0
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o+´�a­��AÛïÄé�µ§Ó�´+Ú�©6/§
�+$�(¦{Ú_�)�1wN�"�~��o+�¢½EXê
�Ý
+§X���5+GL(n,R)ÚGL(n,C)§AÏ�5+
SL(n,R)Ú SL(n,C)¶��+O(n)§O(p, q)§O(n,C)§AÏ�
�+ SO(n)¶j+U(n)§U(p, q)ÚAÏj+ SU(n)§SU(p, q)¶
±9"+ Sp(n)��"

o�ê g´��äko)Ò$� [ , ] : g× g→ g (�é¡,V
�5�÷v Jacobið�ª)��þ�m"

� e�o+G�ü �"é?Û x ∈ TeG§�3��Gþ�
ØC�þ|X ¦�Xe = x"�þ|�m�o)Ò¦���m
TeGg,¤���o�ê§¡�G�o�ê,P� Lie(G ) = g"
k���êêêNNN��� exp : g→ G¦� {exp(tx) | t ∈ R}�G�üëêf
+"�L5§?Ûo�êéA��(ëÏ!üëÏ)o+"o�ê
m�Ó�éAo+m�Ó�§AO/§of�êéAuof+"

x��­����Æ EAÛ{0
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½½½nnn(Ado)µµµ?�o�ê g§7k n ∈ N¦� g�Ý
�
ê gln(R)�of�ê"

½½½ÂÂÂµµµo�ê g¡�´���)))�(solvable)§e ∃ n ∈ N¦�
gn = 0"ùp g0 = g§g1 = [g, g]§gn+1 = [gn, gn] (��fS
�)"g¡�´���"""�(nilpotent)§e ∃ n ∈ N¦� gn = 0"ù
p g0 = g§g1 = [g, g]§gn+1 = [g, gn] (e¥%S�)"g¡�
´(���)üüü�((semi)simple)§e§Ø�¹�²��(�))n�"

½½½nnn(Engel)µµµ�V �k���þ�m§�of�ê
g ⊆ End(V )d�"Ó��¤§K�3 0 6= v ∈ V ¦� x(v) = 0,
∀ x ∈ g"AO/§�3V �Ä¦ g¥��î�þn�"

SKµeéo�ê g¥¤k� x§gÓ� adx = [x , ·]��
"§K g�""��½,"

x��­����Æ EAÛ{0
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½½½nnn(Lie)µµµ�V �k���þ�m§�of�ê
g ⊆ End(V )�)§K�3 0 6= v ∈ V ¦� x(v) = λ(x)v§
∀ x ∈ g§ùpλ(x) ∈ C"Ïd�3V �Ä¦ g¥��þn�"

SKµeo�ê g�)§K [g, g]�""

½½½ÂÂÂµµµo�ê g�Killing///ªªªB� gþ�é¡V�5/ª
B(x , y) = tr(adx ◦ ady)§x , y ∈ g"SKµy²é?Û g¥� x ,
y , z§kB([x , y ], z) + B(y , [x , z ]) = 0"

½½½nnn(Cartan���)))555½½½nnn)µµµg�)⇐⇒ B(x , y) = 0§
∀ x ∈ g§∀ y ∈ [g, g]"

SKµy² radB = {x ∈ g | B(x , ·) = 0}´ g��)n�"

½½½nnn(Cartan���üüü555½½½nnn)µµµo�ê g�ü⇐⇒ B�òz§
= radB = 0"

SKµy²o�ê��ü⇐⇒ §´üo�ê��Ú"

x��­����Æ EAÛ{0
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üo�ê®��©a§do�²;S�ÚÊ�~	|¤"

···KKKµµµ?Û;ëÏo+7/X (G × T )/Γ§Ù¥G�;üë
Ïo+§T = S1 × · · · × S1��¡§Γ�k�+§¹uZ × T �
�T ��� {0}§ùpZ�G�¥%§Zo´k��"

···KKKµµµ;üo�ê�An (n ≥ 1)§Bn (n ≥ 2)§Cn (n ≥ 3)§
Dn (n ≥ 4)§±9Ê�~	G2§F4§E6§E7§E8"co�S�©
O�o+ SU(n + 1)§SO(2n + 1)§Sp(n)§SO(2n)�o�ê"

o�ê g� radical§P� rad(g)§´§��� solvablen�"
�â Levi-Mal’tsev©)½n§?�o�ê g§7�3�üf�
ê s ⊆ g¦� g = rad(g)⊕ s (���þ�m)§� g3SgÓ�e
��"

x��­����Æ EAÛ{0
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e¡·�?Ø�!�­:§=oE6/�Vg"

½½½ÂÂÂµµµ��ØCE(��o+¡�oooEEE666///"

555µµµ1).ù�¶c3¦^¥k�N�
5µk
/�oE6
/´�þã6/�;û(k�$��¦`�+�j�)"2).Ï�
o+o´�²15�m(=Ù�m²�§½�d/§�3�N�
Ie)§ÏdÙþ(b�´óê��)o�3�ØC�CE(�§
�Ùþ¿Øo�3�ØC�E(�"3).Eo+´�VØCE(
��o+§���ØCE(��o+~~Ø´Eo+"

SSSKKKµµµo�ê g = R{x1, . . . , x4}�½Â� [x1, x2] = x3§
[x1, x3] = x4§Ù{ [xi , xj ] = 0"� J� gþCE(�"y² JØ
�U÷v�È5^�µ

[Jx , Jy ]− [x , y ] + J[Jx , y ] + J[x , Jy ] = 0, ∀ x , y ∈ g.

©ÙD. Angella et al, Commun. Anal. Geom. 30 (2022),
no.5, 961-1006¥(L1, 2)�Ñ
¤k��ØCE(�� 6��"
ÚCalabi-£.�)o�ê"

x��­����Æ EAÛ{0



à5E6/{0 1/4

'oE6/��2�/§à5E6/��Ñ
�a­���
��m"?�E6/Mn§PAut(M)�ÙV�XgÓ�+"�
Mn�;�§ùo´��o+§��Mn�;�KØ�½´o+,
~X n ≥ 2�Aut(Cn)Ò´Ã¡��(SK)"ÏdÏ~k:

½½½ÂÂÂµµµE6/Mn¡�ààà555EEE666///§eko+G ⊆ Aut(M)
�[/�^uMn"

à5E6/kü�­�faµ�´Cn¥�k.à5�§·
�3c¡0�k.é¡��®²!�§,�a´ààà555;;;EEE666///,
§�Ñ´�Xn�m(Tits bundle)§Ù.6/�pppVVVC -���mmm§n
��EEE²²²111���mmm(complex parallelizable manifolds)§=Eo+'
u,lÑf+�;û"

pVC-�mkéõ�{§X rational homogeneous spaces§
complex flag manifolds§��"§�´Ø��pVC-�m�¦
È§
�ö�;üo+G3Ùo�ê gþ�Adjoint�^�;
�"®��©a";��é¡�m´ÙA~"

x��­����Æ EAÛ{0



à5E6/{0 2/4

eà5E6/�à5pV6/§Kd J. DorfmeisterÚK.
Nakajima���Í¶(J§The fundamental conjecture for
homogeneous Kähler manifold. Acta Math 161: 1-2 (1988) pp.
23õ70,T6/�k.à5�þ��Xn�m§n��pVC-�
m�Ck/Γ�¦È§Γ�Eî¼�m�lÑf+"

<�ßÿ���à5E6/�kaq��Xn�m(�
(Kobayashi quotient)§�¤�Øõ"8céE�êØ�L 3�à
5E6/®��©aµJ. Winkelmann, Classification des espaces
complexes homogenès de dimension 3. I & II. C.R. Acad. Sci.
Paris 306, 231-234 & 405-408 (1988)§�©� 35�aO"

SKµy²E 1��à5E6/�C,C∗,ý�­�T 1
τ ,ü 

��D = {z ∈ C | |z | < 1}, CP1.

ßßß���µµµ� 2n�üëÏo+G��ØCE(�(oE6/)"
eG�"K�CnV�XÓ�§eG�)K�Stein§=�,CN

¥�4Ef6/"(n = 2�®�§�)Eo+�®�)"

x��­����Æ EAÛ{0



à5E6/{0 3/4

·��a,��´à5E6/äk;û��/"o+äk�
�����7�^�´�N�(unimodular)§=éÙo�ê¥�
?�� xk tr(adx) = 0"?Û�üo+½�"o+Ñk���§
����)o+´Ääk���~~´�(J�¯K"

½½½ÂÂÂµµµ��ØCE(��o+¡�oooEEE666///"

~~~(Iwasawa)µµµ�ÄEo+

GC = {

 1 x y
0 1 z
0 0 1

 | x , y , z ∈ C}

9ÙlÑf+GZ+iZ§ûM3 = GC/GZ+iZ�à5E6/"§´E
²15�m§�Ø2´o+"

~~~(Calabi-Eckman)µµµ�Äo+G = SU(2)× SU(2)§Ï�
SU(2) = S3§Gþ�IOE(���ØC�§¤±´oE6/
(IO¥Ýþ�¦È¦§¤�à5��6/)§�Ø´Eo+(S
Kµy²;Eo+�U´E�)"

x��­����Æ EAÛ{0



à5E6/{0 4/4

£�à5;E6/M§c¡·�J�
Tits bundle¦M¡
��Xn�mπ : M → B§Ù¥B�pVC-�m§
n�F �
E²156/(=Eo+�KlÑf+�;û)"eMþkØC
���Ýþ§KF 7�E�"

~X·�c�J��Calabi-Eckmann threefold§SU(2) = S3

�C2¥�ü ¥§kHopf N� fi : S3 → CP1 = S2ò (z1, z2)N
� [z1 : z2]§ùp i = 1, 2©OéAü�Ïf"Kπ = f1 × f2òG
N�CP1 × CP1§n��ý�­�(1�E�)"

à5;E6/§±9����§;ÛÜà5E6/(=à5
E6/�;û)§�¤�a­��AÏ��6/"'uùa6/
�AÛÆ5�ÿkéõ���¯K��)�§é§��
)  
�±é����6/�ïÄJø��5��Ï"

x��­����Æ EAÛ{0



$Ûd�Ûf�m 1/4

Ûf�mJø
�a´L� 3�;E6/���"

�Äî¼�mR4§�IO�Ýþ�½�"�ÄÙþ�Ýþ
Ú½�Ñ�N�(~�)CE(� J§§(3IOÄe)éAu��
1�ª� 1��é¡��
"¤kù« J�8ÜJ (R4)1wÓ�
uS2"

y3·��Ä��;½�� 4�iù6/ (X , g)§é?Û
x ∈ X§��mTxX ∼= R4§Ï
Zx = J (TxX ) ∼= S2"¿8π :
Z = ∪x∈XZx → X ¡�X �ÛÛÛfff���mmm"w,§Z´X þ���
n��S2�1wn�m§Ï
´�� 6��;1w6/"

.6/X þ�ÝþÚ¥¡þ�IOÝþ�±g,/p�ÑZ
þ�x�/�iùÝþ ht§t > 0§¦�π�iùEv"�dÓ
�§3Zþk� ht�N�CE(� Jµ3 (x , v) ∈ Z:?§
J(x ,v) = Jv + J0§ùp J0´n� S2 = CP1��iù¡�E(
�§
 Jv´TxX þ�@�éAu v ∈ J (TxX ) ∼= S2�CE(
�"(J, ht)¦Z¤���C��6/"

x��­����Æ EAÛ{0



$Ûd�Ûf�m 2/4

4�;½�iù6/ (X , g)�¿Û(�f ∗ : Λ2X → Λ2X �
^3�© 2-/ªþ"Ï� ∗2 = 1§¤±A���±1§l
k
Λ2X = Λ+X ⊕ Λ−X§©)¤éééóóó(selfdual)Ü©(∗ψ = ψ)Ú���ééé
óóó(anti-selfdual)Ü©(∗ψ = −ψ)"

iù6/ (X , g)�¡�´���éééóóó�(anti-selfdual)§eÙiù
­Ç�f��/ØCÜ©3Λ+�©þ�"µW+ = 0"

|^Ó�Λ2X ∼= so(TX )§ψ ∈ Λ2
pX �À�TpX þgÓ�§

Ï
Λ+
p X ¥��Ý� 1��=���mTpX þ�Ýþ�N��

½��CE(�"Ï
·�c¡�E�Ûf�mZ = S(Λ+X )§
ùpS�L�ü ����"

1978c§Atiyah§Hitchin§Singer3©ÙµSelf-duality in
four-dimensional Riemannian geometry. Proc. Roy. Soc. London
Ser A, 1978, 362 (1711): 425õ461¥y²§Zþ�cãCE(
� J�È(=�E(�)��=�iù6/ (X , g)´�éó�"

x��­����Æ EAÛ{0



$Ûd�Ûf�m 3/4

dTaubes�Í¶�Êb½n§·����½?Û;½� 4
�6/§�ëÏÚþv
õ�(��)E�K²¡CP2��§=�
3 k ∈ N¦�X#kCP2þ�3�éóiùÝþ§Ï
�A�Û
f�mB´��E 3��;E6/"ù�E6/��Ð@�¢ 4
�6/X w,äk�Ó�Ä�+"

dMilnor�Í¶(J§·���?Ûk�L«+�±��,
4�;6/�Ä�+§Ï
�E�ê�u�u 3�§;E6/�
Ä�+vk?ÛæN"

x��­����Æ EAÛ{0



$Ûd�Ûf�m 4/4

ØÄ�+�´L5�	§Ûf�m�äkeZ®�A5"�
´Hitchin���Í¶(J§§´`Ømü�A~�	§Ûf�
mÑ´�pV.�§=ÙþØ�3?ÛpVÝþ"ùü�A~§
X �IO� S4½CP2§�A�Ûf�m�CP3½pVC-�m
M3 = P(TP2) (3�á6/)"

F. Campana3 1991cy²§Ûf�m�Fujiki Ca6/(=
�,;pV6/VæX�d)��=�Ù.6/X Ó�u S4½ k
�CP2�ëÏÚ"¦�y²
Ûf�mÑ´knëÏ�"

M. Verbitsky3©ÙRational curves and special metrics on
twistor spaces. Geometry & Topology 18 (2014), 897-909¥y
²§�pV�Ûf�mþØ�3õ­4Ýþ§=ÙpV/ªω÷
v ∂∂ω = 0�Ýþ"

Ûf�m���­�5�´§cã���(� (J, ht)´²ï
�§=ÙpV/ªω÷v^� d(ωn−1) = 0§ùp n = 3"

x��­����Æ EAÛ{0



��Ýþ 1/8

�½E6/Mn§Ùþ�iùÝþ g = 〈 , 〉e�CE(� J

�N§= 〈JX , JY 〉 = 〈X ,Y 〉é?Û�þ|X ,Y ¤á§K g¡�
E6/þ���������ÝÝÝþþþ"

� (z1, . . . , zn)�Mnþ�ÛÜ�X�I§P ∂i = ∂
∂zi
§qP

gi j̄ = g(∂i , ∂j) = 〈∂i , ∂j〉§K (gi j̄)�(�½��)Ý
��1w¼
ê§¡�Ýþ g3g,Ie {∂i}e�Ý
§��BOù�Ý

·��P� g"

���/§�π : E → M�E6/Mþ��� r��X�þ
m§z�n�Ep = π−1(p) ∼= CrÑ´E�þ�m"e ∀ p ∈ M§
kEpþ���SÈ hp§� hp1w�6u p ∈ M§K¡Ù�Eþ
�����Ýþ§P� h"

e {e1, . . . , er}´E3M�,��S��|�XIe§K h
3Ie ee�Ý
L��Ý
�¼ê (hαβ̄) = (h(eα, eβ))"(E , h)
¡�������mmm"Mþ���Ýþ=��X�mTMþ���Ýþ"

x��­����Æ EAÛ{0



��Ýþ 2/8

PAk§Ak(E )�6/Mþ¤kk-/ª½E -� k-/ª¤�¤
��þ�m"A0=�6/�1w¼ê�ê"Eþ�éä�÷v
e� Leibniz�§��5N�D : A0(E )→ A1(E )§

D(f s) = f Ds + df ⊗ s, ∀ f ∈ A0, ∀ s ∈ A0(E ).

eé?Û s, t ∈ A0(E )§?ÛMþ��þ|X§�ª
X (h(s, t)) = h(DX s, t) + h(s,DX t)

¤á§K¡D�Ýþ h�N"eé?ÛÛÜ�X�¡ s ∈ A0(E )
Ú?Û (1, 0)-.�þ|X kDX s = 0§K¡D�E�E(��
N"?���m (E , h)§Ùþ�3����éä�ÝþÚE�E
(�Ñ�N"ù�éä�¡����éééäää§¿P�∇"

3E�ÛÜ�XIe ee§�éäkL�ªµ
∇ei =

∑r
j=1 θ

j
i ⊗ ej =

∑r
j ,k=1 ∂hi k̄h

k̄ j ⊗ ej ,

½^Ý
PÒ§θ = ∂h h−1"5¿�d� θ����� (1, 0)-/
ª§Ïd(�éä�)­Ç�Θ = dθ − θ ∧ θ = ∂θ = ∂(∂h h−1)"

x��­����Æ EAÛ{0



��Ýþ 3/8

é6/���Ýþ g§3g,Ie {∂i}e§�éä�éäÚ
­ÇÝ
©O�µθ = ∂g g−1ÚΘ = ∂(∂g g−1)§Ù¥ g = (gi j̄)

�Ýþ�Ý
L�"½ÂRi j̄k ¯̀ =
(
Θ q
k gq ¯̀

)
(∂i , ∂j)§Kk

Ri j̄k ¯̀ = −∂i∂jgk ¯̀ +
∑
p,q

∂igkq̄ g
q̄p ∂jgp ¯̀.

Ï��þ|�mko)Ò§¤±é6/þ(=�mþ)�é
äD�±½Â666ÇÇÇÜþµTD(X ,Y ) = DXY − DYX − [X ,Y ]"
AO/é�éä∇§�6Ç÷vT (∂i , ∂j) = 0±9

T (∂i , ∂j) =
∑
k

T k
ij ∂k , T k

ij =
∑
`

(
∂i (gj ¯̀)− ∂j(gi ¯̀)

)
g

¯̀k .

Ýþ�pV/ª� (1, 1)-/ªω =
√
−1
2

∑
i ,j gi j̄ dzi ∧ dz j"w

,§dω = 0��=�T = 0§d�Ýþ g�¡�´pppVVV�"

x��­����Æ EAÛ{0



��Ýþ 4/8

~~~µµµ�pVÝþ g3�X�I z = (z1, . . . , zn)e�©þ�µ
gi j̄ = 1

1+|z|2 δij −
1

(1+|z|2)2 z izj , 1 ≤ i , j ≤ n"^Ý
L�§·�k

g =
1

λ
I − 1

λ2
z∗z , Ù¥ λ = 1 + |z |2.

Ï g−1 = λ(I + z∗z)§∂λ = dzz∗§¤±

θ = ∂g g−1 = − 1

λ

(
∂λI + z∗dz

)
.

|^c¡�úªΘ = ∂θ§O���: Ri j̄k ¯̀ = gi j̄gk ¯̀ + gkj̄gi ¯̀.

é?Û�"� (1, 0)-.��þX ,Y k

RXXYY :=
∑

Ri j̄k ¯̀XiX jYkY ` = |X |2|Y |2 + |〈X ,Y 〉|2 > 0,

Ï
RXXXX = |X |4"½ÂH(X ) = RXXXX/|X |
4����XXX���¡¡¡­­­

ÇÇÇ§ÏdT(Fubini-Study)Ýþ�H = 2§
ÙVVV���­­­ÇÇÇB(X ,Y )
= RXXYY /|X |

2|Y |2����� [1, 2]"SKµÙ(iù)�¡­Ç

������ [ 1
2 , 2]§ÙpV/ª�ω =

√
−1
2 ∂∂(1 + |z |2).

x��­����Æ EAÛ{0



��Ýþ 5/8

��o�V�­Çº�X = 1√
2

(u−iJu)§Ù¥ u�¢��

þ§|u| = |X | = 1"Ó�§-Y = 1√
2

(v−iJv)§|v | = |Y | = 1"

ÏX ∧ X = iu ∧ Ju§R∗∗JxJy = R∗∗xy§·�kµ

RXXYY = −RuJu vJv = RuJvJu v + RuvJvJu = −RuJv uJv + Ruvvu.

Ù¥1���ª�1�Bianchið�ª"d(iù)�¡­Ç�½
Â§K (x ∧ y) = Rxyyx/|x ∧ y |2§·���

B(X ,Y ) = aK (u ∧ Jv) + bK (u ∧ v),

Ù¥ a = |u ∧ Jv |2Ú b = |u ∧ v |2Ñáu [0, 1]§�ØÓ��""
ÏdV�­Ç�±L��ü��¡­¡�(�K)�5|Ü" A
O/§e�¡­Ç��(K!��!�K)§KV�­Ç½Ó�"

�X�¡­ÇH(X ) = B(X ,X ) = K (u ∧ Ju)� J-ØC� 2��
²¡ sp{u, Ju} ∼= R2��¡­Ç"

ùp·�b�
Ýþ�pV§��éä�iùéä­Ü

kBianchið�ª"�pV�,�­ÇÜþ��vkù«é¡5"

x��­����Æ EAÛ{0



��Ýþ 6/8

Øcã­Çþ�	§,��­��­Çþ´aaaÛÛÛ­­­ÇÇÇ"(1

�)aÛ­ÇÜþ�Rici j̄ =
∑

k,` Ri j̄k ¯̀g
¯̀k"� |u| = 1�¢��

þ§X = 1√
2

(u − iJu)§aÛ­Ç

Ric(X ) =
∑
i ,j

Rici j̄XiX j =
n∑

i=1

RXXeie i

=
n∑

i=1

(
Ruεiεiu + RuJεiJεi u

)
= Ric(u)

=�iù­ÇÜþ�aÛ­Ç"ùp ei = 1√
2

(εi −
√
−1Jεi )�j

Ie"�iù�/��§aÛ­ÇÜþ�,�êêêþþþ­­­ÇÇÇµ

S =
n∑

i=1

Ric(ei ) =
n∑

i ,j=1

Reie ieje j =
1

2

2n∑
i ,j=1

Rεiεiεjεj ,

�iùêþ­Ç���"ùp·�P εn+i = Jεi§1 ≤ i ≤ n"

x��­����Æ EAÛ{0



��Ýþ 7/8

ä~�¡­Ç���iù6/¡�(¢¢¢)���mmm///ªªª"üëÏ�
�m/ªkn«µSn§Rn§Hn"

épV6/
ó§�¡­Ç�~ê¬íÑ²"(=­Ç�
")§Ïd�U�¦�X�¡­Ç�~ê"ä~�X�¡­Ç�
��pV6/¡�EEE���mmm///ªªª"üëÏ�E�m/ª��kn
«µCPn§Cn§CHn (EV­�m)"

EV­�m����.´·�c¡��L�k.é¡�¥�
1�a;.�¥���µ=Cn¥�ü ¥(�BergmanÝþ)"

V�­Ç���;pV6/7V�XÓ�uCPn"
(Frankel/Hartshorneß�§Mori/Siu-Yau½n)"V�­Ç���
�;��pV6/7V�XÓ�uCn (Yauß�)

aÛ­Ç���;pV6/=�Fano6/§= c1 > 0�E
�K6/"ù´�êAÛ¥��'5�6/a��"

�X�¡­Ç���;pV6/7�E�K6/�knë
Ï (Yauß�§
¡¿/Heier-Wong½n)"

x��­����Æ EAÛ{0



��Ýþ 8/8

pV(��)Ýþk�o^º§�±4·�^�©AÛ��{
)�'uE)Û(��¯K"e¡·�Þü�~f5\±`²"

~f�´'uV­5(��XN�)�¯K"···KKKµµµ� (Mn, g)
���6/§eÙ(�éä�)�X�¡­ÇH ≤ −1§K§´
KobayashiV­�"�6/�;�§T5��duµ?Û�XN
� f : C→ Mn7²�"

y²g´µ�ω� g�pV/ª§f ∗ω = u
√
−1dz ∧ dz§

K u�Cþ��K1w¼ê"e f �~�§K uØð�""ÏL
O�Ù.Ê.d∆u = ∂2u

∂z∂z ¿|^�X�¡­ÇkKþ.�^
�§�±��gñ(SK)"

~f��´Xe�½½½nnn(ÎÎÎõõõÚÚÚ)µ� (Mn, g)�üëÏ��
pV6/§ä���¡­Ç§KM� Stein6/§=�,CN¥
�4�Ef6/"

iùAÛ¥�Cartan-Hadamard½n`ä���¡­Ç�ü
ëÏ��iù6/�(¢)î¼�m�©Ó�§
Î½n�w�´
E���,^1�C©úª�ål²�¼ê�E.Ê.d(SK).

x��­����Æ EAÛ{0



pVAÛ 1/10

;½�iù6/Mnþ�Hodge(�f ∗ : Ar → An−rd�
ªα ∧ ∗β = 〈α, β〉dv¤½Â"ùp dv�NÈ�§Ar�Mnþ¤
k� r -/ª"dd��Hodge Laplacian ∆d = (dd∗+ d∗d)§ùp
éα ∈ Ar (M)§d∗α = (−1)nr+1 ∗ d ∗ α � d�Adjoint�f"

(�f÷v5� 〈∗α, ∗β〉 = 〈α, β〉±9 ∗ ∗α = (−1)r(n−r)α§
∀α ∈ Ar"PHr = ker(∆d) ⊆ Ar�¤kNÚ r -/ª�8Ü"
Hodge½n´`�þ�mHr�k���§��3Green�fG :
Ar → Ar¦� I = H+ ∆dG¤á§ùpH�LlAr�Hr�Ý
K"Ïd ∀α ∈ Ar§α = Hα + d(d∗Gα) + d∗(dGα)"AO/µ

H r (M,R) ∼= H r
DR(M) ∼= Hr (M).

ùpH r
RD(M) = ker(d :Ar → Ar+1)/dAr−1� de RhamþÓN§

Ó�uRXê�ÛÉþÓN"
SKµ�α ∈ Ar§β ∈ Ar+1§y²

d(α ∧ ∗β) = dα ∧ ∗β − α ∧ ∗(d∗β).

x��­����Æ EAÛ{0



pVAÛ 2/10

y�Mn�;pV6/§Ar�MnþE� r -/ª§Ap,q�¤
k (p, q)-/ª�8Ü"ò(¢)(�f�E�5òÿµα ∧ ∗β =
= 〈α, β〉dv§Kw,k ∗(f α) = f ∗ α§� ∗ : Ap,q → An−q,n−p"

(�,��ò ∗�E�Ýòÿµdα ∧ ∗β = 〈α, β〉dv ¤½Â,
Kk ∗(f α) = f ∗ α§� ∗ : Ap,q → An−p,n−q"ùp·��cö)"

� {ϕ1, . . . , ϕn}�j{Ie"éõ­�I I = (i1, . . . , ip)§ù
p 1 ≤ i1 < · · · < ip ≤ n,PϕI = ϕi1 ∧ · · · ∧ ϕip§ϕI J = ϕI ∧ ϕJ"

P Î �éAu {1, . . . , n} \ I �õ­�I§qPψ = ϕ1 ∧ · · · ∧ϕn§
ϕI ∧ ϕÎ = εIψ"NÈ�

dv =
ωn

n!
= (
√
−1)nϕ1ϕ1 ∧ · · · ∧ ϕnϕn = (

√
−1)n

2
ψ ∧ ψ.

SKµe |I | = p, |J| = q§K ∗(f ϕI J) = (
√
−1)n

2+2pnεI εJ f ϕĴ Î
.

d�6/(¢)�ê�ó§� d∗ = − ∗ d∗ = ∂∗ + ∂
∗
§Ù¥

∂∗ = − ∗ ∂ ∗ : Ap,q → Ap−1,q§
 ∂
∗

= − ∗ ∂ ∗ : Ap,q → Ap,q−1"

x��­����Æ EAÛ{0



pVAÛ 3/10

�iù�/�aq§·��±½ÂAp,q�g��Hodge
Laplacianµ∆∂ = ∂∂∗ + ∂∗∂ Ú∆∂ = ∂∂

∗
+ ∂

∗
∂"�iù�/�

�§∂-NÚ/ª�m Hp,q

∂
= ker(∆∂) ⊆ Ap,q�k���§�

kGreen�fG∂¦� I = H∂ + ∆∂G∂3Ap,qþ¤á§Ï
k
Hodge-DolbeaultÓ�µHp,q

∂
(M) ∼= Hp,q

∂
(M)§�à�Dolbeault

þÓN+ Hp,q

∂
(M) = ker(∂ : Ap,q → Ap,q+1)/∂Ap,q−1"�´d

∆d = ∆∂ + ∆∂ + (∂∂
∗

+ ∂
∗
∂) + (∂∂∗ + ∂∗∂)

��§3����6/þ§∆d�∆∂�±Ø�"�é{`§¦
+?Û r -/ª�±©)�¤k÷v p + q = r� (p, q)-/ª�Ú,

Ar = Ar ,0 ⊕ Ar−1,1 ⊕ · · · ⊕ A0,r =
⊕

p+q=r

Ap,q,

� r -/ª�∆d -NÚ¿ØU�yÙ (p, q)-Ü©�´∆d -NÚ�§
�L5§∆∂-NÚ� (p, q)-/ª�Ø�½´∆d -NÚ�§ÏdØ
�½kþÓN+þ��Ú©)"

x��­����Æ EAÛ{0
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�Ýþ�pV�§kpppVVVððð���ªªªµ[Λ, ∂] = i∂
∗
9Ù�Ý

[Λ, ∂] = −i∂∗§Ù¥Λ = −∗ L∗� Lefschetz�f Lα = ω ∧α��
��f"dd·���µ

∂∂
∗

+ ∂
∗
∂ = −i{∂[Λ, ∂] + [Λ, ∂]∂) = 0,

Ó�/§∆∂ = ∆∂§Ï
∆d = 2∆∂§NÚ5vk©O§?Û
r -/ª�NÚ��=�Ù¤k (p, q)-Ü©�NÚ"Ïd·��
�Hodge©©©)))½½½nnnµ;pV6/ (Mn, g)þk

H r
DR(M) ∼=

⊕
p+q=r

Hp,q

∂
(M), Hp,q

∂
(M) = Hq,p

∂
(M)

��ê·��� bettiê�Hodgeê�m�'Xµ

br =
∑

p+q=r

hp,q, hp,q = hq,p,

AO/§b2k−1�óê§b2k ≥ hk,k > 0§(Ï� [ωk ] ∈ Hk,k

∂
(M))

x��­����Æ EAÛ{0
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ØHodge©)�	§;pV6/�þÓN+�?�Ú÷v
Hard Lefschetz½nÚ Lefschetz©)§ù3��Ö¥Ñ�±Ö
�"��íØ§Ù bettiê÷v

b0 ≤ b2 ≤ b4 ≤ · · · ≤ b2k , b1 ≤ b3 ≤ · · · ≤ b2k+1, k = [
n

2
].

d	§;pV6/�÷v¤¢� ∂∂-ÚÚÚnnnµeα ∈ Ap+1,q+1÷v
dα = 0§Kα ∈ Im(∂) ⇐⇒ α ∈ Im(∂) ⇐⇒ α ∈ Im(∂∂)"ù´
��éÐ�A^Hodge©)�öSK§ïÆÓÆ�Ñ�ÁÁ"

÷v ∂∂-Ún�;E6/¡� ∂∂-666///§¤k�;pV6/
VæX�d�;E6/(¡�Fujiki Ca6/)Ñ´ ∂∂-6/§�
∂∂-Ún´ÄäkVæXØC5(��ê�u�u 4�)8c�´
��úm¯K"(ë�5�,
t,
�À,�-R�ó�)

|^ ∂∂-Ún§Deligne-Griffiths-Morgan-Sullivan (Invent
Math 29 (1975), 245-274)y²
;pV6/knÓÔa.dÙ
þÓN�(�¤û½"(;pV6/� formal)

x��­����Æ EAÛ{0
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Demailly-Paun (Annals Math 159 (2004), 1247-1274)�Ñ
p
V���Nakai-Moishezon�Kµ;pV6/M�pVIK�½
´Ù�IP�,�ëÏ©|¶
�M��K6/�§K = P"
PV = H1,1(M) ∩H2(M,R)�¤k¢ (1, 1)þÓNa��m,

pVIK ⊆ V �6/þ¤k(pVÝþ�)pV/ª�þÓNa�
8Ü§
�IP ⊆ V �¤k�þÓNaα�8Üµé6/¥�
?Û k�Ø��)ÛfqY§k

∫
Y α

k > 0"

555µµµ Nakai-Moishezon�K´`§�K6/þ��X�m L
�´��§��=�é6/¥�?Û k�Ø��)ÛfqY§k∫
Y c1(L)k > 0"ÏDemailly-Paun½n¥Ø�¦α��XêþÓ
Na,¤±=B´é�K6/
ó,T½n�´Nakai-Moishezon
�K�í2"

g�)±5§Demailly-Paun½n�2�A^§§¦Nõl
�K6/�;pV6/�nØí2¤�
�U"

x��­����Æ EAÛ{0
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Kodaira���«««½½½nnnµµµ�M�;pV6/§L�Mþ�X�
m§äk­Ç??�����Ýþ"?�Mþ��X�þmE ,
7�3��êm0,¦�Hq(M, L⊗m ⊗ E ) = 0,∀ q > 0, ∀m ≥ m0.

Kodairaiii\\\½½½nnnµµµ�M�;pV6/§L�Mþ�X�
m§äk­Ç??�����Ýþ"K L´´��§=�3��
êm¦� L⊗m�Ñ�Xi\M ↪→ CPN"

þ¡����é{�duµ�3�Xi\ f : M ↪→ CPN¦
f ∗O(1) = L⊗m"ùpO(1)�CPN��²¡�¡m"

ØVkn(VæX)N��ÑVkn�da�	§E(��/
CnØK�ÄÓ��1w6/(.6/)þØÓE(�¤/¤�ë
Yëêx"3ù�¡k²;�Kodaira-SpencernØ, Kuranishix,
±9±ÏN�(period map and period domain)ÚTorelli½n��.
k,��ÓÆ�ë�Complex Manifolds, Morrow and Kodaira,
2006, AMS Chelsea Publishing.

x��­����Æ EAÛ{0



pVAÛ 8/10

��·�?Ø�ek'���KKK+++ÚpppVVV+++�{K"PPn�¤
k n�E�K6/�Ä�+¤�¤�8Ü§Kn�¤k n�;p
V6/�Ä�+¤�¤�8Ü"�6/�CP1�¦È§·�k

P1 ⊆ P2 ⊆ · · · ⊆ P, K1 ⊆ K2 ⊆ · · · ⊆ K
ùpP = ∪∞n=1Pn§K = ∪∞n=1Kn§©O¡��K+ÚpV+"

Lefschetz���²²²¡¡¡½½½nnnµµµ�X n+1 ⊆ CPN�E�K6/,H�
�²¡,Mn = X ∩ H"�Ä�¹N� ι : M ↪→ X p��Ó�µ

Hk(ι) : Hk(X ,Z)→ Hk(M,Z), πk(ι) : πk(M)→ πk(X ).

Ké?Û k < n§Hk(ι)Úπk(ι)��Ó�¶é k = n§Hk(ι)�ü
�§πk(ι)�÷�"

AO/§� n ≥ 2�§kπ1(M) ∼= π1(X )§Ïd?Û n��
K6/�,�K­¡äk�Ó�Ä�+§¤±

P2 = P3 = · · · = P.

x��­����Æ EAÛ{0
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w,é?Û nkPn ⊆ Kn§Ï


P ⊆ K2 ⊆ K3 ⊆ · · · ⊆ K.

Kodaira///CCC½½½nnnµµµ?Û;pV­¡M2��ëY/C�,
�K­¡"

AO/§?Û;pV­¡�,�K­¡�©Ó�§Ï
äk
�Ó�Ä�+µK2 = P"

Claudon, Höring, Lin3©Ù (The fundamental group of
compact Kähler threefolds. Geom Topol 2019, 23: 3233-3271)¥
y²
½½½nnnµµµK3 = P"
¦�$�ßÿK = P§=pV+Ò´�K+"pV+´Cc

5EAÛÚAÛ+Ø¥�ïÄ9:��"

SK(Serre½n)µ?Ûk�+ÑáuP"J«µ|^
Lefschtz�²¡½n§�E��Ä�+�é¡+ Sn��K6/"

x��­����Æ EAÛ{0
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'u�K+ÚpV+kéõ�ïÄ§�EkNõ¯KÚß
�"e¡·��Å/Þ��~f5\±`²"

ArapuraÚNori (Compositio Math 116 (1999), 173-188)y
²§?Û�)��K+7� virtually�"�§=¹k��k��
I��"f+"Delzant (Math Ann 348 (2010), 119-125)y²

pV+�äkù�5�"

épV+k?�Ú,��ÓÆ�±�ÖMarc Burger3
Bourbaki?Ø��nã�w (Fundamental groups of Kähler
manifolds and geometric group theory, Séminaire BOURBAKI, 62
(2009-2010), no.1022)

x��­����Æ EAÛ{0
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X·�3ÚóÜ©®²J��§�½��6/ (Mn, g)§�
��3�� gÚ JÑ�N§6ÇÃ (1, 1)Ü©�éä§¡����ééé
äää§P�∇"3g,Ie {∂i}e§éäÝ
� θ = ∂g g−1"�
éä�6Ç÷vT (∂i , ∂j) = 0§T (∂i , ∂j) =

∑
k T

k
ij ∂k§

T k
ij =

∑
t

(
∂igj t̄ − ∂jgi t̄

)
g t̄k .

��6/þ����3��� gÚ JÑ�N§6Ç��é¡
�éä§¡�Bismutéééäää§P�∇b"3g,Ie {∂i}e§Ù
éäÝ
�µ

(θb) j
i = ∂g g−1 +

(
∂igst̄ dzs − ∂tgi s̄ dzs

)
g t̄j .

�éä∇§Bismutéä∇b§±9 Levi-Civita (=iù)éä
∇r§´��6/þïÄ��õ�n�Ýþéä"� g�pV�,
ùn�éäÑ��§� g�pV�§ùn�éäüüØ�§d�
·�kn«ØÓ�AÛ"

x��­����Æ EAÛ{0
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d�6Ç�úªT k
ij =

∑
t

(
∂igj t̄ − ∂jgi t̄

)
g t̄k��§

T = 0 ⇐⇒ ∂igkj̄ = ∂kgi j̄ ∀ i , j , k ⇐⇒ dω = 0,

ùp ω =
√
−1
2

∑
i ,j gi j̄ dzi ∧ dz j �pV/ª"ÏdÝþ�pV�

�=��6Ç�""��Ýþ�¤k�pV&EÑ�¹3T 9
Ù�ê�þ"

~X§·�c¡���pVð�ª§3����6/þ�k
ù�úª§ØL�\þd�6Ç|¤�?��§�ÝþpV�Ò
£�Ï~�pVð�ª"|^ù���.�pVð�ª9aq�
(Ø§<��±��HodgenØ�Ü©í2§~XAngella'u
Bott-ChernþÓNÚAppeliþÓN�ó�"

©O^R§Rb§R rL«�éä!BismutéäÚiùéä�
­ÇÜþ§K§��m�'X�±^T Ú∇T L�Ñ5"(�p
V)��AÛïÄ¥���w,�(J´ù
­ÇÜþ���ÑÑÑ"""yyy
·�ÙG�(pV)é¡5µ=��Ri j̄k ¯̀�Ri j̄k ¯̀ = Rkj̄ i ¯̀"

x��­����Æ EAÛ{0
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½½½nnn(Gray)µµµ3?Û��6/þ§iù­ÇÜþR r÷v

R r
ijk` = 0, ∀ i , j , k, `

�é{`§3 (1, 0)-.Iee§�"�iù­Ç©þ�kR r
ijk ¯̀,

R r
i jk`
§R r

ikj̄ ¯̀ùA«(9Ù�Ý)§�dBianchið�ª§

R r
ikj̄ ¯̀ = −R r

j̄ ik ¯̀− R r
kj̄ i ¯̀

= R r
i j̄k ¯̀− R r

kj̄ i ¯̀
.

½½½ÂÂÂµµµ��6/¡�iiiùùùqqqpppVVV(Riemannian Kähler-like, RKL),
e36/þ?Û:§é?Û�I§kR r

ijk ¯̀ = 0§R r
i j̄k ¯̀ = R r

kj̄ i ¯̀
"

�ó�§eiù­ÇR r÷v¤kpVé¡5§K¡Ýþ�
iùqpV�"é 2�;��6/§ù�^�íÑÝþ�pV§
���ê�u 2�§�3�pV�ù«Ýþ�~f"

Ó�/§�é�­ÇRÚBismut­ÇRb§·���±½Â
���aaapppVVV(CKL)ÚBismutaaapppVVV(BKL)�Vg"é; 2���6
/§CKL =⇒pV§�3 3�9±þk�pV�CKL6/(~X:
�²"6/§8cÿÃ§~)"BKLK 2�Òk�pV�~f"

x��­����Æ EAÛ{0
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'qpV6/�AÏ�´²"6/"é�éä§Boothby
1958c���²;½n´`§?Û�²"�;��6/��k
CX�½´��Eo+§��ØCÝþ"��ê�u�u 3�§
ù«6/�±´�pV�(~X Iwasawan�6/)"

�déA§;Bismut²"6/��kCX�Samelson�m,
=;�üo+¦±�þ+(î¼�m)§�VØCÝþÚ�N��
ØCE(�"ù«�m3 1980c�Ò®�´Bismut²"�§�
L5K´��t-
Å-x�(J(Trans AMS, 2020)"


éiù²"�;��6/§Ï�;²"iù6/�k�C
Xo´��²"�¡(Bieberbach)§¤±¯K8(�µ3²"�
¡T 2n

R þkõ��Ýþ�N�E(� Jºn = 2� J�U�~�,
=�U´E�¡§�� n ≥ 3��±kÙ§�E(�§¦¤��
��6/��pV�"n = 3�, Khan-
Å-x(Adv Math, 2017)
y²¤kù«E(�Ñ´¤¢�BSV�¡(warpedE(�)"3
n ≥ 4�iù²";��6/�©a�´��úm¯K"

x��­����Æ EAÛ{0
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qpV6/p�´L��a´BKL6/"8cé 5�9±e
�ùa6/®²k©a½n§� 6�9±þ�´úm¯K"

2��BKL6/TÐ´Vaisman­¡(e¡¬0�)§;��
pV�Vaisman­¡dBelgun (Math Ann, 317 (2000), 1-40)��
©aµ§�´�pV� properlyý�­¡§Kodaira¡§Hopf¡
(Class 1½ elliptic)"Ø¦È	§3�BKL6/��kCX�½´
ü� Sasakian 3�6/�¦È(£¤Ð-ë�Ì-x§Trans AMS
2023)§4�Ú 5�BKL6/�k��©a(ë�Ì-x, preprint).

���ê�BKL6/�äkeZÐ�5�§~X,� (Mn, g)
�;!�pVBKL6/§Kk

(ë-x) M�õ­4�§ÙþØ�3?Û²ïÝþ¶
(£-ë-x) e n ≥ 3§KMþØ�3?ÛVaismanÝþ¶
(ë-x) g�Bismut Ricci²" =⇒ Bismut²""

Vaisman6/´�«AÏ�ÛÜ�/pV(lcK)6/µÙ Lee
/ª3iùéäe²1"

x��­����Æ EAÛ{0
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ÛÛÛÜÜÜ���///pppVVV(lcK)666///´�«'�{ü��pV6/µ§
3ÛÜ��þo�3��1w¼ê§¦Ýþ��/C��pVÝ
þ"�d/§��6/ (Mn, g)� lcK ⇐⇒ �3Mþ�4 1-/ª
ψ¦� dω = ω ∧ ψ"w,ù� 1-/ª��§¡� Lee/ª"XJ
�k∇rψ = 0§KÝþ�¡�Vaisman�"

lcK�Vgd Izu Vaisman3 1970c�Ú\§ê�c5�2
�ïÄ§�COrneaÚVerbitsky3 arXivþ�
��C 800��
Öv(arXiv: 2208.07188)§�[ùã
ùa6/�5�Ú(�"

��� lcK6/�'§Vaisman6/äkûÐ�(�§~
X§Ornea-Verbitsky���½n´`§?Û;Vaisman6/�½
k,�k�CX� S1þ�n�m§n����;Sasakian6/
(“Ûê��pV6/”)"

x��­����Æ EAÛ{0



��AÛ 7/7

��·�20��a­���pV6/§=���pppVVVkkk-£££666
///"ù�¶c^�'�°�,ùp·�æ^Tosatti�½Â( arXiv:
1401.4797)µ;E6/Mn¡����pVk-£6/§eÙ1�
Bott-�a cBC1 (M) = 0"�d/§ùL«Mnþ�3��Ýþ g
¦Ù�éä�1�Ricci­Ç�"µ

Ric(ω) := −i∂∂ logωn = 0.

ùpω� g�pV/ª"^ÚW+��ó§ù�½ÂL« g��
�ÚW+(restricted holonomy group)¹u SU(n)"

XJMn�;K�mK�²�½ torsion§=�3��êm¦
�K⊗m ∼= OM ,Kk cBC1 (M) = 0"�L5��Ø¤á,�Tosatti
y²3e��¹e¤áµn = 2!½MnpV!½ b1(M) = 0!½
�3�ê `¦H0(M,K⊗`) 6= 0 (�¹ kod(M) ≥ 0��/)!½Mn

áuFujiki Ca"
¦�y²§�\þ^� b1 = 2h0,1 (⇐⇒T6/é (1, 1)-/ª

÷v ∂∂-Ún)�§�pVk-£6/��/CE��pVk-£"

x��­����Æ EAÛ{0
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3ù�!¥§·�0�A��pVAÛ¥�úm¯K§�B
k,��ÓÆ�?�ÚïÄ"

���XXX���­­­ÇÇÇßßß���µµµ e;��6/�(�)�X�¡­ÇH = c
�~ê§K� c 6= 0�Ýþ7pV§
� c = 0�Ýþ��²".

ß��b�^��RXXXX = c |X |4§�du

R̂i jk` :=
1

4

(
Ri jk` + Rkji` + Ri`kj + Rk`i j

)
=

c

2

(
gi j̄gk ¯̀ + gkj̄gi ¯̀

)
.

du�­ÇvkpVé¡5§�X�­ÇØUk�����­Ç
Üþ§Ïd�)ù�g,�ß�"

555µµµùp;5^�´7��"eò�­ÇU�iù­Ç§�
kÓ��ß�"qeò�­ÇU�Bismut­Ç§K c 6= 0�kÓ
��ß�§� c = 0���ãI�N�µ�3Bismut�X�­Ç
�"�Ø´Bismut²"�;��6/�~f"

yGµn = 2�®�(Balas-Gauduchon, Apostolov et al)§
n ≥ 3���,=kÜ©5(J()p,�Í#-�  -m¡=, ...)

x��­����Æ EAÛ{0
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,��Cc5'�9��ß�´e¡�

Fino-Vezzonißßß���µµµ e;E6/þ�3²ïÝþÚõ­4
Ýþ§K7�3pVÝþ"

�ó�§Tß�´`?Û�pV.�;E6/þØ�UÓ�
Pk²ïÝþÚõ­4Ýþ"ùpE6/��ê��´ 3§Ï�
3E 2��²ï�ÓupV"Tß�¥;5b�´7��µ�3
�;��pV.6/§ÙþÓ��3²ïÝþÚõ­4Ýþ"

,	§þãß��(J�?Ì�3u²ïÝþÚõ­4Ýþ
�±ØÓ"�âAlexandrov-Ivanov���(J§?ÛQ²ïÓ�
qõ­4���Ýþ7,pV"

Fino-Vezzoniß�g¯­±5§áÚ
¯õEAÛÆ[�'
5§3éTß��ïÄþ�Ñy
�þ�Ü©5(J§¦Tß�
3NõAÏ���6/a¥��
�y§Ïd�[����&T
ß�AT¤á"e¡·�{��Þ�
~f"

x��­����Æ EAÛ{0
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~X§Verbitsky3(Geom Topol, 2014)¥y²
3?Û�p
V.�Ûf�mþØUkõ­4Ýþ§Ï
þãß�é¤kÛf
�mÑ¤á"

qX§Chiose (Proc AMS, 2014)y²Tß�é¤kFujiki Ca
6/¤á"F3�-oh-£¤Ð3(J Diff Geom,2012)¥y²
T
ß�é�aAÏ� 3��pVk-£�m¤á"¤C3(Adv Math,
2016)¥y²
Tß�é2ÂCalabi-Gray6/¤á"Otiman3
(Bull London Math Soc, 2022)¥y²Tß�é¤kOeljeklaus-
-Toma6/¤á"

�éoE6/§FinoÚVezzoni3Ø©(J Geom Phys, 2015)
¥y²
¦��ß�é¤k(äkE(��)¢ 6��äk²�;
K�m��)o�ê¤á";�X§3Ø©(Proc AMS,2016)¥
¦�qy²
éÚ�� 2�?¿��"o�ê§Tß�¤á"¦
�Ó��ßÿ§?Ûäkõ­4Ýþ��"E6/7,Ú�Ø�
L 2§ù�Øä�C�ArroyoÚNicolini (arXiv: 2201.12167)¤y
²§ÏdFino-Vezzonißßß���ééé¤¤¤kkk���"""EEE666///ÑÑÑ¤¤¤ááá"

x��­����Æ EAÛ{0



A�úm¯K 4/6

3Ø�"6/�	�oE6/¥§Fino-Grantcharov-Vezzoni
(IMRN, 2019)ÚPodestà (Transform Groups,2018)y²
�G�
;�üo+�§Fino-Vezzoniß�¤á"Guisti-Podestà3(arXiv:
2106.14557)¥y²Tß�é�;¢�üo+þ¤k��KE(
�Ñ¤á"3Fino-Paradiso�ü�CÏ©Ù(arXiv: 2011.09992,
2112.11960)¥§¦�©O3/A�C��0(almost abelian§
=G�o�ê¹k{�� 1�C��n�)��/Ú/A��"
��)+0(=�)o�ê� nilradicaläk 1�� commutator)�
�/y²
Tß�"

�C§FreibertÚ Swann3©Ù(arXiv: 2203.16638)¥�Ä

Ú�� 2��)+§¦�y²
3�aAÏ��/§=¤¢�
pure type�§Fino-Vezzoniß�¤á"

x��­����Æ EAÛ{0
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��·�20���f��2ÂHartshorneß�"Äk4·
�£��eÍ¶�Frankel/Hartshorneß�"

ßßß���(Frankel)µµµ?ÛV�­Ç���;pV6/7V�X
Ó�uCPn"
ßßß���(Hartshorne)µµµ(3A�"��ê4�þ)?Û�m´�

��K6/7Ó�uPn"

Ï��V�­Ç=⇒�m´�§¤±��ß�UíÑcö"
Mori (Annals, 1979)y²
�ö§A�Ó�§�Î,-£¤Ð
(Invent,1980)^�©AÛ�{y²
cö"

ùü�ß�Ñk2Â��§=?Ø�K��/"d�²"Ï
f(²"E�¡)�±Ñy§�ÏLHoward-Smyth-Wu©�½n
½Demailly-Peternell-Schneider�z½n§�±ò2Âß�8(
�üëÏ��/§=kµ

ßßß���(generalized Frankel)µµµ?ÛV�­Ç�K�üëÏ;
pV6/7V�XÓ�u;��é¡�m"(#À²½n, 1986)

x��­����Æ EAÛ{0
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ßßß���(generalized Hartshorne)µµµ?Û�m� nef�Fano6
/7Ó�u rational homogeneous space (=pVC-�m§½ flag
manifolds)"

ù�ß�3k�©z¥��¡�Campana-Peternellß�§
3���ê(69±þ)8cù�ß�E,��"

�Mn�pVC-�m§g0�Ùþ�pV-OÏd"Ýþ"
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(Hermitian curvature flow, Ambrose-Singer connection and
generalized holonomy theorem,...)
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