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Chapter 8

Closed 3-manifolds
with Positive Ricci
Curvature

In this chapter we present a proof of Hamilton’s classification of closed 3-
manifolds with positive Ricci curvature. The idea of the proof of Hamilton’s
theorem is to get estimates for various geometric quantities associated to
the evolving metric, such as the curvature and its derivatives, which will
show the metric limits to a constant positive sectional curvature metric. In
Section 2 we consider the maximum principle for 2-tensors, which we shall
apply to the Ricci tensor to get pointwise estimates for its pinching. The
maximum principle for systems enables us to estimate the curvatures by a
suitable analysis of this ODE system, which we carry out in Section 3. Then
we discuss the gradient of the scalar curvature estimate, which unlike the
pointwise pinching estimates for curvature, allows us to compare curvatures
at different points. Finally we state the exponential convergence results for
closed 3-manifolds with positive Ricci curvature and present their proof.

1. Hamilton’s 3-manifolds with positive Ricci curvature
theorem

Now we present the theorem which started Ricci flow. First note that by
(2.11) the evolution of the volume form is given by

0
1 —duy = —
(3.1) 5 du Rdp
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128 3. Closed 3-manifolds with Positive Ricci Curvature

and Vol (g9) = [,,» duu evolves by

(3.2) %w (g(t)) = — /M Rdp.

Since this is not zero in general, we modify (normalize) the Ricci flow equa-
tion to make the volume constant. In particular, we define the normalized
Ricci flow by

0 _ ~ 2 __
(33) agi]’ = —QRZ']' + Ergij’
where 7 = Vol (g)‘1 [ Mn R dji is the average scalar curvature. We then
have (again use (2.11))

(3.4) %Vol G() =0

under the normalized Ricci flow. Given a solution ¢ (t), t € [0,7), of the
Ricci flow, the metrics

(3.5) g(t)=ct)g(),

where

(3.6) c(t) =exp <2 /Otr (1) d7‘> , t(t) = /Otc(r) dr,

n

are a solution of the normalized Ricci flow with § (0) = ¢ (0) . Hence solutions
of the normalized Ricci flow differ from solutions of the Ricci flow only by
rescalings in space and time.

Exercise 3.1. Prove that g (f) s a solution of the normalized Ricci flow.

The remainder of this chapter will be devoted to proving the following.

Theorem 3.2 (Hamilton, 3-manifolds with positive Ricci curvature). Let
(M3, go) be a closed Riemannian 3-manifold with positive Ricci curvature.
Then there exists a unique solution g (t) of the normalized Ricci flow with
g (0) = go for allt > 0. Furthermore, as t — oo, the metrics g(t) converge
exponentially fast in every C™-norm to a C* metric g with constant pos-
itive sectional curvature.

2. The maximum principle for tensors

Since the Ricci and Riemann curvature tensors satisfy heat-type equations,
just as the scalar curvature does, one can apply the maximum principle,
which we develop in this section, to derive estimates. Given that a symmetric
2-tensor satisfies a heat-type equation, we would like to know when the
nonnegativity of the 2-tensor is preserved as time evolves. A result in this
direction is provided by Hamilton’s maximum principle for tensors. A
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word about notation: if « is a symmetric 2-tensor, then o > 0 means that
« is nonnegative definite.

Theorem 3.3 (Maximum principle for symmetric 2-tensors). Let g (t) be
a smooth 1-parameter family of Riemannian metrics on a closed manifold
M". Let a(t) be a symmetric 2-tensor satisfying

0
aa > Aypna+ Vxpa+ B,

where X (t) is a time-dependent vector field and
B (.I‘,t) =p (Oé ($7t) g (l‘,t))

is a symmetric (2,0)-tensor which is locally Lipschitz in all its arguments.
Suppose [ satisfies the null-eigenvector assumption that if A;j is a non-
negative symmetric 2-tensor at a point (x,t) and if V is such that AijVj =0,
then

Bij (A, g) V'VI > 0.
If «(0) > 0, then a(t) > 0 for all t > 0 as long as the solution exists.

Proof. Suppose that (z1,%1) is a point where there exists a vector V' such
that (a;;V7) (21,t1) = 0 for the first time (so (ay;W'W7) (z,t) > 0 for all
W,z € M, and t < t1). Choose V to be constant in time. We then have at
(xla tl)

9 it 0 i
ot (i V'V7) = ((%aij> A%
> (Bay) VIV + X* (Vi) VAV + VIV
Z (Aaij) Vivj + Xk (Vkaij) ViVj.

To handle the last line, we extend V in a neighborhood of x; by parallel
translating it along geodesics (with respect to the metric g (¢1)) emanating
from x;. It is easy to see that VV (x1,¢1) = 0 and it can also be shown that
AV (z1,t1) = 0. Thus we have

gt (i VIVI) > A (i VIVI) + XPV (0 VIVI) > 0

by the first and second derivative tests. This shows that when « attains a
zero eigenvalue for the first time, it wants to increase in the direction of any
corresponding zero eigenvector. We can make the above argument rigorous
by adding in an € > 0 just as for the scalar maximum principle in Section 3
of Chapter 2. In particular, we can show that there exists § > 0 such that
a >0 on [0, 4] by applying the above argument to the symmetric 2-tensor

Ac(t) =a(t)+e(d0+1t)g(t)
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for € > 0 sufficiently small and then letting ¢ — 0. Tracking the dependence
of 4 on «, we find that on any compact time interval I we may apply this
argument again to show that a > 0 on [4,24] N I. Continuing this way, we
conclude that o > 0 on all of 1. O

Exercise 3.4. Complete the proof of Theorem 3.35.

Recall that the evolution of the Ricci tensor is given by (2.43)

0

aRij = ALRij = ARZ‘]‘ + 2Rkingkg — 2RikRjk.

So in order to prove that the nonnegativity of the Ricci tensor is pre-
served under the Ricci flow, all we need to do is to show that at any point

and time where RijWin > 0 for all W and R;; VJ = 0 for some V, we have
(RpijeRke — RigRj) V'V > 0.

Unfortunately, when n > 4, this is not possible in general. The main reason

for this is that the Riemann curvature tensor cannot be recovered solely

from the Ricci tensor (indeed, this is why the Weyl tensor does not vanish

in general when n > 4). The exception to this is when n = 3, in which case

R
Rijre = Riegjr + Rjngie — Rirgje — Rjegir — 5 (9ie9jk — girgje) -
Substituting this into (2.43), we obtain the following.

Lemma 3.5 (3d evolution of Ricci). If n = 3, then under the Ricci flow we
have

9
ot
Exercise 3.6. Prove (3.7).

(3.7) Rl‘j = ARZ']‘ + 3RRZ']' — GRZ'pij + (2 ‘RC’Q — R2> Gij

By the maximum principle for tensors we have

Corollary 3.7 (Nonnegative Ricci is preserved). If (M3,g (t)) ,t€[0,7),
is a solution to the Ricci flow on a closed 3-manifold with Re (g (0)) > 0,
then Rc (g (t)) > 0 for all t > 0 as long as the solution exists.

Proof. We easily check that the tensor
Bij = 3RRZ']' — GRZ'pij + (2 ‘RC‘Q — R2) gij

satisfies the null-eigenvector assumption with respect to a;; = R;;. In par-
ticular, if at a point and time Rc has a null-eigenvector V' (we do not need
Rc > 0 here), then 2|Re[* — R2 > 0 and

B ViVi = (2 IRe|? — RQ) V2> 0.
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Exercise 3.8 (Preservation of Ricci pinching).

(1) Show that nonnegative sectional curvature %Rgij — R;; > 0 is pre-
served under the Ricci flow on a closed 3-manifold.

(2) Show that if R > 0, then the inequality R;; > eRg;; is preserved for
any € > 0 (of course, € <1/3).

3. Curvature pinching estimates

Now that we know that the nonnegativity of the Ricci tensor is preserved
under the Ricci flow on closed 3-manifolds, we are interested in a more
precise understanding of the Ricci tensor as the metric evolves. A useful
tool is the maximum principle for tensors as discussed in Section 2. This
principle has been abstracted to the following setting.

Recall that Rm is a section of the bundle = : £ — M, where E =
A2M"™ ®g A2M™. Throughout this book, Rm will sometimes be considered
as a section of E and other times as an operator Rm : A2M" — A2M™.
The bundle E has a natural bundle metric and connection induced by the
Riemannian metric and connection on TM. Let E, = 7! () be the fiber
over x. For each © € M, consider the system of ODE on FE, corresponding
to the PDE (2.70) obtained by dropping the Laplacian term:

(3.8) %M =M? + M?# |,

where M € E, is a symmetric N x N matrix, where N = 21

dimso (n). The maximum principle for systems (for a proof of a more
general version which applies to sections of vector bundles satisfying heat-
type equations, see §4 of [277] or [153]) says the following. A set K
in a vector space is said to be convex if for any X,Y € K, we have
sX +(1—-s)Y € K for all s € [0,1]. A subset K of the vector bundle
FE is said to be invariant under parallel translation if for every path
v : [a,b] — M and vector X € K N E,q), the unique parallel section
X (s) € Ey), s € [a,b], along v (s) with X (a) = X is contained in K.

Theorem 3.9 (Maximum principle applied to the curvature operator). Let
g(t),t€[0,T), be a solution to the Ricci flow on a closed manifold M™. Let
K C E be a subset which is invariant under parallel translation and whose
intersection K, = K N E, with each fiber is closed and convex. Suppose the
ODE (3.8) has the property that for any M (0) € K, we have M (t) € K for
allt € [0,T). If Rm (0) € K, then Rm (t) € K for allt € [0,T).



132 3. Closed 3-manifolds with Positive Ricci Curvature

Since if Rm > 0, then Rm? > 0 and Rm” > 0 (see Lemma 2.57), by
(2.70) and the above theorem, we have the following.

Corollary 3.10 (Rm > 0 is preserved). If (M™,g(t)), t € [0,T), is a
solution to the Ricci flow on a closed manifold with Rm (g (0)) > 0, then
Rm (g (t)) >0 for allt € [0,T).

In dimension 3, if M (0) is diagonal, then M (¢) remains diagonal. Let
AL (M) < A2 (M) < A3(M) be the eigenvalues of M. Under the ODE the
ordering of the eigenvalues is preserved and we have by (2.74)

d

E = )\% -+ )\2)\37
dA

(3.9) d7t2 = A3+ A1),
dA
d—;’ =M+ M.

With this setup, we can come up with a number of closed, fiberwise convex
sets K, invariant under parallel translation, which are preserved by the ODE.
Each such set corresponds to an a priori estimate for the curvature Rm .

The following sets K C FE are invariant under parallel translation and
for each x € M, K, is closed, convex and preserved by the ODE (3.9).

(1) Given Cy € R, let K = {M: A\; (M) + Ay (M) + A3 (M) > Cp}.
The trace \; + Ao + A3 : B, — R is a linear function, which implies
that K is closed and convex. That K is preserved by the ODE (3.9)
follows from

d
o At A+ Xg) =

(3.10) >

[()\1 + /\2)2 + ()\1 + )\3)2 + ()\2 + )\3)2

(A1 + A2 4 A3)? > 0.

Wl NN

(We interjected the first inequality since we will find it useful later.)
Hence,

(lower bound of scalar is preserved) if R > Cj at ¢t = 0 for
some Cpy € R, then

(3.11) R>Cy

for all ¢ > 0. This is something we have already seen in Corollary
2.11.

(2) Let K ={M: \; (M) > 0} . Each K is closed and convex since A; :
E; — Ris a concave function. Indeed, A\; (M) = minjy—; M (V, V)
so that

A1 (SM1 + (1 — S) Mg) > s\ (Ml) + (1 — 8) A1 (Mg)
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for all s € [0,1]. We see that K is preserved by the ODE since

% =X+ )3 >0
whenever A\; > 0. That is, if M (¢) is a solution of the ODE (3.9)
with A; (M (0)) > 0, then A; (M (¢)) > 0 for all ¢ > 0. This implies
(this is a special case of Corollary 3.10)

(nonnegative sectional curvature is preserved) the condition

(3.12) Rm > 0

is preserved under the Ricci flow. Since any 2-form on a 3-manifold
is the wedge product of two 1-forms, this is equivalent to the sec-
tional curvature being nonnegative.

(3) Let K = {M: A (M) + Xy (M) > 0}. Since A; + A2 is concave,
(A1 + A2) (M) = min {M (V1, V1) + M (Va, Va) : {V1,Va} orthonormal},

we have that K is closed and convex. We compute
d
ﬁ()\1+>\2):)\%+)\3+()\1+)\2))\3 >0

whenever A1 + Ay > 0. From this we see that

(nonnegative Ricci is preserved)

(3.13) Rc >0

is preserved under the Ricci flow since the smallest eigenvalue of
Re is 3 [A1 (Rm) + A2 (Rm)].
(4) Given C' >1/2, let
K={M:X3(M) < C(\ M)+ A (M))}.

Since A3 is convex (A3 (M) = maxy—y M(V,V)) and A + Az is
concave, we have that K, is convex for all x € M. That each K is
preserved by the ODE follows from the calculation

d 1
pr M3 —=C AL +X)]=X3(A3—=C (A + X)) —C (A% — 6)\1)\2 + A%) )

In particular, if A3 — C (A1 + A2) =0 and C' > 1/2, then
d
— [N —=C (A + X)) <0.
dt
Suppose Re (g (0)) > 0. Since M3 is compact, there exists C' > 1/2
such that at ¢ =0

(3.14) A3 (Rm) < C (A1 (Rm) + g (Rm)).
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(3.15)

That is, Rm (¢ (0)) € K. By the maximum principle for tensors,
Rm (g (¢t)) ¢ K and inequality (3.14) is true for all ¢ > 0. Now
(3.14) implies Re > C~'A3 (Rm) g > 1C~'Rg. Thus,

(Ricci pinching is preserved) the conditions that R > 0 and

Rc>eRg (n=3)

for some constant € > 0 are preserved under the Ricci flow. In
particular, since M? is compact, we have Rc > 0 is preserved.
(Compare with Exercise 3.8.)

Remark. Note that if (3.14) is satisfied and if
(A1 (Rm) + Ao (Rm)) (z9,t0) <0

for some (zo,t9) € M3 x [0,T), then since C > 1/2, we have
Az (Rm) = A1 (Rm) = X2 (Rm) at (zg,to). Since A1 + A2 < 0
holds on a connected neighborhood U of zy at time ty, we have
Al =X = A3 = % in U (recall that the \; are twice the sectional
curvatures). By the contracted Bianchi identity, we then have that
R is constant on U. Since M? is connected, it is easy to conclude
that

R
A o= Ao = Mg — —

1 2 373
on all of M, where the scalar curvature R is a negative constant.
Thus, if Rm (g (tg)) € K for some to and if g (tg) does not have
constant negative sectional curvature, then Rc > 0.

Given Cy > 0, C; > 1/2, Cy < o0 and 0 > 0, let

A3(M) = A1 (M) —Cs (A1 (M) +2(M) +3(M)) 7 < 0,
M: Az (M) < C1 (A1 (M) + A2 (M),
AL (M) + A2 (M) + A3 (M) > C

K is a convex set since Az — A\ — Co (A1 + A2 + )\3)176 is a convex

function for Cy > 0. Observe that if M € K, then A\; (M) +
A2 (M) > 0 by the last two inequalities in the definition of K. We
have already seen that the inequalities Ay + Ay + A3 > Cp and
A3 < C1 (A1 + A2) are preserved under the ODE. Since Cy > 0, we
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can compute

i log A3 =M
dt (A1 + Ag+ Ag)t 0

=0(A1+A3— X)) —(1—9)

(A1 +22) Ao+ (A2 — A1) Az + A3
AL+ A2+ A3
A3
AL+ A2+ A3

<5 (M +A3—A2) = (1-9)

Note that
2
)\2 >1()\1+>\2))\2> 1
AM+A+A3 T 6 A3 - 6C4
since Ay + A3 < 2A3 < 2C (A1 + A2), and we also have

A+ A3 — A2 < A3 < C1 (M1 + A2) <201 .

A2

Hence, choosing > 0 small enough so that %5 < we have

iIog As — A1 = | <0.
dt (A1 4+ A2+ A3)

Since Az — A\ > ‘Rc —%Rg| , this implies the following:

1
12C%°

(Ricci pinching improves) Suppose M3 is closed and gy has
positive Ricci curvature. There exist constants C' < oo and § > 0
such that

1
(3.16) ‘Rc —3Rg‘ <CR'™ (n=3)

Remark 3.11. The 2-tensor Rc—%Rg s the trace-free part of the Ricci

tensor and
2

Rc—-Rg| = [Ref>— -
c 3 g |Rc| 3R,

which vanishes everywhere exactly when g is Finstein.

Exercise 3.12 (3d trace-free part of Rc and Rm). Show that when n = 3,

2 2

1
(3.17) ‘Rm—SRId A2

1
—4|Re—=R
o=

In summary, the main estimates we have proved for the curvatures are
(3.11), (3.15) and (3.16).

Let [0,T") denote the maximum time interval of existence of our solution.
Recall that from applying the maximum principle to the evolution equation
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for scalar curvature (2.9), we have
1

Rupin (0)7" = 2¢°

Since Rpyin (0) > 0, we conclude T' < %Rmin (0)71 < oo. In Section 5 we shall
prove that

(3.18) sup |Rm| = oc.
Mx[0,T)

Rmin (t) Z

Intuitively speaking, we are in good shape now. Since the Ricci curvature
is positive, the metric is shrinking: %g = —2Rc < 0. If we can show
an appropriate gradient estimate for the scalar curvature, then we could
conclude lim;_,7 Rpin (f) = 00. Assuming this, we then would have

Rc

Re 1
R 39

which tends to 0 as t — T uniformly in x. To finish the proof of Theorem
3.2, we need to further show that the solution g (t~) to the corresponding
normalized Ricci flow exists for all time and the scale invariant quantity

Re _ 1§‘ decays exponentially to zero as ¢ — co. See the next section for

(z,t) < CR™? (z,1),

R 3
the gradient of scalar curvature estimate. After that, we shall show that

under the normalized Ricci flow the curvature tends to a constant. Finally
we prove the long time existence and exponential convergence of the solution
to a constant sectional curvature metric.

Remark 3.13 (S? x S! example). It is instructive to keep in mind the
example of the round product S? x S* which has nonnegative Ricci curvature
but mot positive Ricci curvature. Under the Ricci flow the metric remains
a round product. If the initial S* has radius ro, then the radius at time t
is v (t) = \/r3 — 2t. The radius of the circle S' remains constant since the
Ricci curvature in the circle direction is zero. Note that at any point and
time the curvature operator takes the form

R 0 0
Rm=1[ 0 0 0
0 00
In particular,
‘Rm—lRId 2 T 22
37 A 3

4. Gradient bounds for the scalar curvature

A fundamental estimate used in combination with the ‘Ricci pinching im-
proves’ estimate is the gradient estimate for the scalar curvature. In
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Section 6 of Chapter 5 we shall give a proof of the sequential convergence
of the Ricci flow to constant sectional curvature which bypasses this esti-
mate; so the reader who is only interested in the topological consequences
of Theorem 3.2 may skip this section.

Proposition 3.14 (Scalar curvature gradient estimate). Let (M3, g (0)) be
a closed 3-manifold with positive Ricci curvature. For any e > 0, there exists
C () depending only on £ and g (0) such that

IVR|? (z,t) < eR (z,t) 4+ C (¢)

as long as the solution exists.

Remark 3.15. We present the original proof in [275]. For a different proof
using the Cheeger-Gromouv-type compactness theorem for the Ricci flow, see
Proposition 7.4; there the result is valid in all dimensions assuming that a
pinching estimate for the Riemann curvature tensor holds for the solution.

The rest of this section is devoted to proving the above gradient esti-
mate. First we need a consequence of the contracted second Bianchi identity.
Decomposing the 3-tensor V; R into its irreducible components, we let

ViRji = Eiji + Fiji,
where

3
(3.19) Ez’jk = VjRgz‘k + kagi]’) + TOVZ'jok.

1
20
Then (Ejjy, Fyjr) = 0, |Eil* = & [ViR|? and

7
(3.20) ViRjel* = [Eigel” + | Fijsl* > o5 [ViR[*
This estimate is better than the more elementary |ViRjk|2 > 1 |V;R|? which
follows from the general estimate |a;;|* > L (g4 aij)z and n = 3 (see [312]
for its generalization to higher dimensions).

Exercise 3.16 (Quicker proof with a worse constant). By using the inequal-

1ty
1 2 1. 1 2
V,‘Rjk — gvz‘jok > 3 div Rc—gRg
and the contracted second Bianchi identity, show that
37
ViR|> > — |ViR|?,

— 108
which is weaker than (3.20).

In computing evolution equations for various quantities, the following
general calculation is useful.
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Exercise 3.17. Let [J = at — A. Prove that if f and h are functions of
space and time and if p,q € R, then

AN L fr
D(hq =p i Df—qthDh
fr?
ha

(3.21) —p(p—1)
frt

hat1

+ 2pq

(Vf,Vh).

In particular, taking p = q = 1, we obtain

s o(f)=tar Lo (o (d))

So that the reader knows that he or she needs to fill in some details, we
give the following.

Exercise 3.18. Prove (3.23) and (3.25) below.

Now we present the proof of the gradient of scalar curvature estimate.
We compute

0 VR)? 2
< -~ A) (’ | ) = — 53 [RV:iV;R - ViRV,R|?

R

IRCI

= <VR VR > IVR|?

\RC!

(3.23) < 16|V Re|* — |VR|?,

where we used |[Rc| < R and |VR| < V3|V Rc| < 2|V Re|. Since
0 2
E—A (R*) = —2|VR|* + 4R |Re,

and \Rc|2 > L R? this implies that for any ¢ < 1/3, we have

1
3

0 |;R|2 2 2 4 3
— A — <16 |VR;i|° — =R
<t >< R eR 6| R]k| 38R
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To handle the bad (positive) \ViRjk|2 term on the RHS, we bring in the
equation

a _ 2 1 2\ _ D12 _ 1 D2
(3.24) (é)t A) (yRc| 3R ) =2 <|V2Rjk| 5 ViR

26
— 2R3+ ?R IRe|? — 8 Trace (RCS)
2 1
(3.25) <-o ViRl + 4R (]Rc]Z - 3R2> :

which has a good |V;Rjx|* term on the rRuS. Note that (3.20) was used to
obtain the last inequality. Combining the above formulas yields

9 |CR‘2 2 2 1.9
——A —_— +1 - = <
( r ) ( R eR 68 | |Rc| 3R C(e),

where we use the fact that there exist 6 > 0 and C' < oo such that |RC|2 —
%RZ < CR*7° (3.16). Since the solution exists only for a finite time, we
have
VR
R

1
—eR%+ 168 (]Rc]Z - 3R2> <C.

Dropping the positive 168 (]Rc|2 - %Rz) term (which was only included to

produce good negative terms on the RHS of the evolution equation), we
obtain
VAP
R

Proposition 3.14 follows easily.

< C +eR?

The paths toward obtaining various estimates are often/usually not
unique. Here is a variation on the above theme.

Exercise 3.19 (VR estimate again). Let (M3, g (())) be a closed 3-manifold
with positive Ricci curvature. Prove the following variant of the gradient of
scalar curvature estimate. There exists a constant § > 0 depending only on
g (0) such that for any 8 > 0

VR[*
R3
where C' < oo depends only on § and g (0).

(3.26) <BR°+CR,

HINT: Let

_|VR]* 37 2 1o,
T —— —_— 1 _ =
VD (8¢§+ ) Ref’ - 3R



140 3. Closed 3-manifolds with Positive Ricci Curvature

and show that

4 2 1
gtv < AV — [VRe]* + WQW)R <\Rc]2 - 3R2>

< AV — |[VRe]* + CR3™%,
where we used (3.16) to get the last inequality. Then use the equation

%R2_‘5 —A (RH) —(2-8)(1-8)RO|IVR]>+2(2—6) R |Re|?

to derive
% (v-srR) <a(v-8R7) +C,

where C' depends only on  and ¢ (0) . Estimate (3.26) follows from this.
Exercise 3.20. Show that

Re|” — $R?
F="" 3
. R2—6
satisfies
OF 2(1—46 2
o =AF+ 21-9) (VR,VF) = i |RViRj = ViRt Rix)?
§(1—10 1
(3.27) - (RH) (\Rcﬁ — 3R2> IVR|?

2 1
= <6\Rc]2 <|Rc\2 - 3R2> - J) :

where J = 2 |Re|* + R (R3 — 5R|Re|? + 4 Tx, (Rc3)) :

Remark 3.21. The above formula leads to another proof of (3.16). In
particular, the key to proving that F is uniformly bounded is to show that if
Rc > eRg and R > 0, then

1
J > 2% |Re|? <|Rcy2 - 332> .
We leave it to the reader to verify this.

5. Curvature tends to constant

In this section we apply the gradient estimate and the Bonnet-Myers theo-
rem to show that the global pinching of the scalar curvature tends to 1 as
we approach the singularity time.

Lemma 3.22 (Global scalar curvature pinching). We have

(3.28) lim P ()

=1.
t—=T Rmin (t)
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In fact, there exist constants C' < oo and v > 0 depending only on g (0) such
that

(3.29)

for allt € [0,T).

Remark 3.23. By Theorem 6.3 (whose proof is independent of our discus-

sion here), we have girr%%ax]Rm(-,t)| = 00. Since n = 3 and Rc > 0, we
— n

have (1.62) and R > |Rc|; hence limy_y7 Rpax (t) = oo. This and (3.29)

imply (3.28) and

hII% Rpin (t) = o0.

t—

Proof. By (3.26), infyss (o) R > 0, and lim;7 Rmax (t) = oo, there exist
constants C < oo and § > 0 such that

VR (2,t)| < CRumax (£)3*7°

for all z € M3 and t € [0,T). Given t € [0,7), there exists x; € M? such
that Rmax (t) = R (x¢,t) . Given nn > 0, to be chosen sufficiently small later,

i 1
for any point x € By | zt, ) we have

Rue (1) = R(2,8) < — 2 max VR (1)) < & Runae (1)
n Rmax (t) M3 n
so that
c -5
(3.30) R (1) > B (1) (1= R (1

for all z € By <xt, > . We claim that this ball is all of M3, from

1
74/ Rmax(t)
which (3.29) follows. The argument goes like this. Since lim;_,p Ryax () =
00, by (3.30), there exists 7 < T such that for t € [7,T") we have

R (.CL',t) > Rmax (t) (1 - 77)

for all z € By . Now the Bonnet-Myers Theorem 1.127

1
) (mt’ " /Rmax(t)>

and the pinching estimate Rc > Rg, where € > 0, show that for n > 0

fficientl Il M? =B pvirl .
sufficiently sma q(t) (xt’ n\/mx(t))

Lemma 3.24 (Global sectional curvature pinching). For every ¢ € (0,1)
there exists T < T such that for allt € [7,T) the sectional curvatures of g (t
are positive and

in A (R > (1— A3 (R t).
min Ay (Rm) (z,¢) 2 (1 — £) max As (Rm) (2, ¢)

)
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Proof. By (3.16), there exist C' < co and ¢ > 0 such that

A1 (Rm) R0 -5

— ()21 -C—=—(2,t) 21 —3CRuyn (¢
for all x € M3 and t € [0,T). We leave it as an exercise to the reader to
show that this implies that for any € > 0, there exists 7 < T such that for

any x,y € M3 and t € [r,T) we have
(3.31) AL (Rm) (z,8) > (1 =€) Az (Rm) (y, 1) -

The idea for deriving the comparison (3.31) is to make an intermediate
comparison with the scalar curvature of the point in question, whether it be
T or y. ([l

Recall that the Rauch-Klingenberg-Berger topological sphere Theorem
1.153 implies that if N3 is simply connected and g on N? satisfies

1
in \; (R > — max A3 (R )
min Ay (Rm) (z) > 7 max Az (Rm) (z)
then N? is diffeomorphic ‘to the 3-sphere. Hence the above lemma implies
that the universal cover M? is diffeomorphic to the 3-sphere.

6. Exponential convergence of the normalized flow

Now we revert back to the normalized flow
0

2
i = ~ i + 5794

This flow is equivalent to the original Ricci flow by rescaling time and space
(i.e., the metrics); see Section 1. It is useful to know how evolution equations
change upon normalizing the Ricci flow. We say that a tensor quantity X
depending on the metric ¢ has degree k in ¢ if X (cg) = ¢*X (g) for any
c>0.

Exercise 3.25 (Degrees of tensors). Show that the (4,0)-tensor Rm has
degree 1, Rc has degree 0, R has degree —1, and du has degree n/2 (if
dim M =n).

The following result concerning the normalized Ricci flow introduced in
Section 1 is not hard to prove.

Lemma 3.26 (Going from unnormalized to normalized RF). If an expres-
sion X = X (g) formed algebraically from the metric and the Riemann cur-
vature tensor by contractions has degree k and if under the Ricci flow

X
(3.32) o =AX+Y,
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then the degree of Y is k — 1 and the evolution under the normalized Ricci
flow %gij = —2R;; + %fg,-j of X = X (g) is given by

X 1o o 2
(3.33) —=AX+Y +k—7X.

ot n
Remark 3.27. The above lemma also holds when the equalities in (3.32)
and (3.33) are replaced by inequalities going the same way.

Exercise 3.28. Prove Lemma 3.26.

Next we study the maximum and average scalar curvatures under the
Ricci flow.
Lemma 3.29.

1
Rax (t) > m

and in particular,

T
/ Rpax (t) dt = 0.
0

Proof. First recall that lim;_,7 Rpax (t) = 0o. We compute (using Section
6 in Appendix B)
d

= Rax (1) < 2 Re|? < 2Rpax (1)°.
o (t) < Aglxag}l cl” < (t)

Hence 4 Ryax ()71 > =2 so that —Ruax (t)' > —2(T' —t) and the lemma
follows. O

Exercise 3.30. Show that if [0,T) is the mazimal time interval of existence
of the normalized Ricci flow, then fOT T (ﬂ dt = oo.

/Ofof(f)dfz/otor(t)dt.

Each of the following estimates represents in some way the fact that
under the normalized Ricci flow the metrics converge to constant curvature
exponentially fast. The order in which they are stated reflects a natural
order in which they are proved.

HINT: Show that

Lemma 3.31 (Estimates for the normalized RF). If (M3, ¢(0)) is a closed
3-manifold with positive Ricci curvature, then under the normalized Ricci
flow we have the following estimates. Let [O,T) denote the maximal time
interval of existence of the mormalized Ricci flow. There exist constants
C < oo and é§ > 0 such that
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lim }?ma" (1) =1,
=T Rmin (a
@) B
Re > 6Rg,
(3) )
Ruax () < C,
(4) )
T = o0,
(5)
- 1
Rmin (f) 2 67

and hence diam (g (t)) < C,
—~ 1. -
’RC — 3R§‘ < Ce 0,

Rmax (E) - Rmin ('E) < 06_657
(8)
1

(3.34) ‘15?0 — —7g| < Ce .

w

Proof. Parts (1) and (2) follow from the corresponding estimates for the
unnormalized Ricci flow since the inequalities are scale-invariant.

Part (3): Since Rij > 0, by the Bishop-Gromov volume comparison the-
orem, we have const = Vol (g (f)) < C'diam (g (ﬂ)?’ for a universal constant

C. Now since Rc > €Rpay - § for some € > 0 (combine (1) and (2)), by the
Bonnet-Myers theorem, we have

(3.35) diam (§ (£)) < CRuax (£)~
and we conclude Rmax (ﬂ <C.

1/2

Part (4) is left as an exercise. Use fOT 7 (t) dt = oo.

Part (5): By Klingenberg’s injectivity radius estimate (see Theorem
1.115) and replacing (M 3.7 (ﬂ) by their universal covering Riemannian

manifolds <M 3,5 (f)) , we have

inj (3 () = & Fmax ()
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for some universal constant ¢ > 0. Since sect (E (f)) < CRmaX (f), this
implies Vol (E (f)) > €Rmax (f) —3/2 for some other constant € > 0. Hence

we have

const = Vol (§ (£)) > &' Riax (f) /2 ,

where ¢ > 0 depends also on !771 (MS)} < o0o. Hence Rpax (ﬂ > % and
the same estimate holds for Ruyin (t) by (1). Now by (3.35) we also have a
uniform upper bound for the diameter of § (t) .
Part (6): Let
— ~ 2
i (Rc _ %Rg‘
f=—%
f satisfies the same equation as for its counterpart f = ‘Rc—%Rg‘2 / R?

for the unnormalized flow. This equation is the following (see Exercise 3.33

below):

of 2
(336) S =Af+2(VIgR, Vf) ~ 27 |[RViR ViRRj,|* + 4P,
where
pe (2p2 IRe|* — 2R Trace 4 (Rc®) — Lpa_ |Rel*
TR\ 2 g 2 ‘

This is actually the same P as in (10.82), where now v;; = R;; and p = 0.
Note that when Rc = %Rg, we have P = 0. One can show that if R;; > eRg;;,
where R > 0 and € > 0, then

_1pql?
(3.37) P < —52’RC§RQ‘ ;

see Exercise 3.34 below. Hence we have

2? < Af—|-2<@log}?,@f> —452‘RC —RéRﬁ
(3.38) < Af+z<mogz:z, @f> _5(Rmm) I3

The desired exponential decay estimate for f now follows from the maximum
principle to (3.38) using Ry > % > 0.

Part (7): We go back to (3.23) and (3.25). Adding these two equations
implies that

VR|?
w#! |

1
+168 <|Rc\2 - 3R2)
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satisfies, under the unnormalized Ricci flow,
9 2 1o
— —A < 672R | |Re|" = =R* | .
(& )¢— (1 =5)
Hence, for the normalized Ricci flow, the corresponding quantity 1 satisfies
2\ - 4 -

where we used 672R (‘RC % > —0t Since 4 37 > &1 for some d1 €

(0, 4], we can conclude that

(gg _ A) (65151/? - CE) <0

and hence ¢ < Ce 01t (1 + ﬂ . This gives us the gradient estimate

Ce 1069 Since the diameters of g () are uniformly bounded, we obtain (7)
by integrating the gradient estimate along minimal geodesics.

Part (8) follows from (6) and (7). O
Exercise 3.32. Prove part (4) of Lemma 3.31.
Exercise 3.33. Prove (3.30).

HiNT: Use (3.25), (3.21) and the evolution equation for R.
Exercise 3.34. Prove (3.37).

HiINT: First show that
R*P = — (a* +b* + ¢* + abc® + ab*c + a®be)
+ab® + a®b + ac® + a*c + be® + be
—(@-b?(@®+(@a+b)(b—c)) —c(a—c)(b—c),
where a, b, ¢ denote the eigenvalues of Rc.

By (3.34) and Lemma 6.10, we obtain the following.

Corollary 3.35. There exists a constant C < oo such that
1. _ -
;90 <3() <C5(0)

for all t € [0,00), and the metrics § (ﬂ converge uniformly on compact sets
to a continuous metric §(oo) as t — 0o.

Next we study the higher derivatives of the curvature. We shall use the
following interpolation inequality for tensors (see Corollaries 12.6 and 12.7

of [275]).
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Lemma 3.36. For any k € N there exists a constant C' depending only on
k and n such that for any p -tensor oy, ..,

(1)
/}Vja‘%/jd,u<0max\a\2<§1>/ ’Vkozrdu
M M M

foranyj=1,....k—1, and
(2)

.9 2 ilk 9 1_(.7/k)
/ ‘Vjoz‘ d,uﬁC(/ ‘Vkoz’ du) (/ |a] d,u)
M M M
forany j=0,... k.

Under the normalized Ricci flow, the higher derivatives of the Ricci
curvature decay exponentially.

Lemma 3.37.
(3.39) )@’ff{vc’ < Ce
for all k € N.

Remark 3.38. Since we are in dimension 3, the statement with Rec replaced
by Rm is exactly the same.

Proof. We first show that under the unnormalized Ricci flow
(3.40)

2 2 2
d/ ‘VkRm‘ dp < —2/ ‘Vkﬂ Rm‘ du+C’maX|Rm|/ ‘VkRm‘ dp
dt M M M M

for some constant C' < oo. To prove this, by Exercise 6.29 we have

k
2 2 2
;‘V’“Rm‘ gA‘V’“Rm‘ —2’Vk+1Rm’ —l—Z‘VERmHVk_eRmHVkRm’.
=0

Thus we compute

d 2 2
/ ‘VkRm‘ d,u—l—?/ ‘VkHRm‘ du
k

< Z/ |V Rm| | V¥~ Ran| [ 7% Ran| dp

t=0"M
(3.41) gZ(/ ‘véRm‘ du> (/ ‘vk—sz
=0 M M
1

X </ ‘VkRm‘Qd,u>2.
M

k—¢

2k 2k
o= du)
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By Lemma 3.36(1), we have
2k
</ )VeRm ‘ du)
M
k—¢ k—¢
( / V"R
M

[~

2

s
>

2
< O max |Rum| (!~ %) </ ‘VkRm’ du>
M M

2k 2k ¢ . 2 ok
du < C'max |Rm|* / ‘V Rm‘ du .
M M

Applying these inequalities to (3.41) implies (3.40).
Now for the normalized Ricci flow, since all the terms in (3.40) have the
same degree of homogeneity, we have the same estimate:

-~ 12 ~ —~ 2 -~ 12
(3.42) dN/ (v’ch( dﬂ§—2/ ’Vk“Rc’ dﬂ+0/ ’V’“Rc‘ dji,
dt M M M

where we used maxyy ‘f{vc‘ < C and dimension 3 to replace Rm by Rc. We

1
2 k+1
du)

2
g)‘ for m € N. Hence

1
2 k41
d,u)

apply Lemma 3.36(2) to get

[ o an<e ([ [oomfa)™ ()
M M M

’ 2

~ 7
BT
C 3g

o (Re -

w3

using the fact that ’@mf{vc

d [ |ep—2 o
a4 v’“R‘d~<c / Re— ~5
dt/M‘ o = (M’C 37

and we have
2
/ ]v’ch‘ di < C
M
independent of £. We can now apply Lemma 3.36(1) again to obtain

() /M [V4Re| d

forany j =1,...,k—1. Hence, given any j,p € N, we may choose k = pj to

conclude
2(p—1) 2
/ VPJRC‘ dji
M

2K/ —
/ ‘Vch’ diit < Cmax |Rec — =g
M M 3

7
Re — —&
C 3g

2
/ ’V]Rc’pd/]SCmax
M M

for some C' < oo and § > 0. Since all of the metrics g (ﬂ are uniformly
equivalent for ¢ € [0, 00), the Sobolev constant is uniformly bounded and it
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follows that for any k € N, there exists C < oo and § > 0 such that
’@kfivc < Ce %,

O

From the above lemma and the fact that we can estimate the derivatives
of the metrics in terms of the estimates for the derivatives of the Ricci tensor,
one can complete the proof of Theorem 3.2.

Completion of the proof of Theorem 3.2. By Corollary 3.35 the met-
rics ¢ (ﬂ are uniformly equivalent and converge uniformly on compact sets
to a continuous metric §(co) as t — oo. On the other hand, the estimates
(3.39) imply the exponential convergence in each C*-norm of g (f) to g (cc).
This implies § (00) is C*°. Furthermore, by (3.34) we conclude

Rc — éfg (c0) = 0.
That is, § (co) has constant positive sectional curvature. O
7. Notes and commentary
The original proof of Theorem 3.2 is given in Hamilton [275]. Some of the

solutions of the exercises in this chapter may be found in the text of [163].

Section 3. There is an interesting question related to (3.15).

Conjecture 3.39 (Hamilton). If (M3,g) is a complete Riemannian 3-
manifold with Rc > eRg, where R > 0 and € > 0, then M3 is compact.

Chen and Zhu [122] (see also [153] for an exposition) proved that if
(M 3, g) is a complete Riemannian 3-manifold with bounded nonnegative
sectional curvature and Rc > eRg with ¢ > 0, then M?3 is either compact
or flat. A related question is the following (see Chapter 10 for more on
differential Harnack inequalities).

Problem 3.40. If (M?,g(t)) is a complete solution to the Ricci flow on a
3-manifold with nonnegative Ricci curvature which is bounded on compact
time intervals, can one prove a trace differential Harnack inequality? One
could hope for an inequality similar to (10.45).

Note that a result related to the first problem above, due to Hamilton
[285], is the following.

Theorem 3.41. If M™ C R"! is a C™ complete, strictly convex hypersur-
face with h;; > €Hg;; for some e > 0, then M™ is compact.

Analogous to the second problem posed above is the following.
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Problem 3.42. Does there exist a Harnack inequality for solutions to the
mean curvature flow with nonnegative mean curvature and second fundamen-
tal form which is bounded on compact time intervals? In particular, can one
prove a differential Harnack inequality? Here one hopes for an inequality
similar to (10.86).

Comparison with mean curvature flow (MCF). It is interesting
to compare the Ricci flow with the MCF; scattered throughout the rest of
the book we shall see analogies and relations between the two flows. Let
X;: Mt - R" t €0,T), be a solution to the mean curvature flow:

(3.43) ) =—Hp0)v 1), peM™, te(0T),

where H is the mean curvature and v is the unit outward normal. This is
the gradient flow for the volume functional.

Lemma 3.43 (Basic evolutions under MCF, [311]). We have the following
evolution equations for the induced metric g;j, second fundamental form h;;,
and H:
0
agij
%hij = Ahyj — 2Hhiphg; + | B haj,
0

~H=AH+|h?H.
ot 1

= —QHhij,

Proof. We leave this as an exercise. Use the formulas H = g% hij,

o [9X 00X
95 =\ 0a 97 )

oo [9X v\ _ ) X
Y N\oxt Oz ) oxioxi’ /-

While carrying out the computation, keep in mind that the inner product
of a tangential vector with a normal vector is zero. O

Exercise 3.44. Suppose that we have the flow %—f = —pPv, where B is some
function. Compute the evolution equations for g;j, v, h;j and H.

From Lemma 3.43 one can show (see [311]) using the maximum principle
for tensors that if H > 0, then the inequalities
aHg;j < hij < BHg;;

are preserved under the MCF. Compare this with the ‘Ricci pinching is
preserved’ estimate (3.15).
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The Codazzi equations V;h;, = V;h;, imply that one can improve the
estimate |Vihjk\2 > L |ViH|* to!

3
44 hal? > 2 |V H|?
(3.44) [Vihjk| _nHIV |

(this is an improvement only when n > 3); see [311] for details. Compare
this with (3.20).

Remark 3.45. If the hypersurface M™ 1 is totally umbillic, so that h =
%g, then from (3.44) we have 1< |VH|* > n%—l |VH|*. When n > 3, this
implies [VH| = 0. (Compare with Ezercise 1.18/.)

Huisken’s pinching theorem says that if M1 is a closed convex hyper-
surface evolving by the mean curvature flow, then

(3.45) < CH'™°.

1
hij n— ngij

Compare with the ‘Ricci pinching improves’ estimate (3.16). Pointwise es-
timates are not sufficient to obtain this since, under the ODE corresponding
to the PDE for h;;, the pinching is preserved but not improved. In [311] an
iteration argument is used to obtain (3.45).

Las usual, |V¢h]~k|2 = g"pgqukrvihjkvphqr.



